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Abstract
A novel coding scheme for exact repair-regenerating codes is presented in this paper. The codes proposed in
this paper can trade between the repair bandwidth of nodes (number of downloaded symbols from each surviving
node in a repair process) and the required storage overhead of the system. These codes work for general system
parameters (n, k, d), the total number of nodes, the number of nodes suffice for data recovery, and the number of
helper nodes in a repair process, respectively. The proposed construction offers a unified scheme to develop exact-
repair regenerating codes for the entire trade-off, including the MBR and MSR points. We conjecture that the new
storage-vs.-bandwidth trade-off achieved by the proposed codes is optimum. Some other key features of this code
include: the construction is linear, the required field size is only Θ(n), and the (unnormalized) code parameters (and
in particular sub-packetization level) is at most (d−k+1)k, which is independent of the number of the parity nodes.
Moreover, the proposed repair mechanism is helper-independent, that is the data sent from each helper only depends
on the identity of the helper and failed nodes, but independent from the identity of other helper nodes participating
in the repair process.
I. INTRODUCTION
The dynamic, large and disparate volume of data garnered from social media, Internet-driven technologies,
financial records, and clinical research has arisen an increasing demand for reliable and scalable storage technologies.
Distributed storage systems are widely being used in modern data centers, such as the Google File System [2],
Facebook Hadoop Distributed File System (HDFS) [3], Microsoft Azure [4] and also in peer-to-peer storage settings,
such as DHash++ [5], OceanStore [6] and Total Recall [7]. In distributed storage systems individual storage nodes
are unreliable due to various hardware and software failures. Hence redundancy is introduced to improve the system’s
reliability in the presence of node failures. The simplest form of redundancy is the replication of the data in multiple
storage nodes. Even though it is the most common form of redundancy, replication is very inefficient in terms of
the offered reliability gain per cost of the extra storage units required to store the redundancy. In this context,
coding techniques have provably achieved orders of magnitude more reliability for the same redundancy compared
to replication. Beside reliability offered by storing the redundant data, in order to be durable, it is necessary for
a storage system to repair the failed nodes. The repair process consists of downloading (part of) the content of a
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2number of surviving nodes to reconstruct the content of the failed nodes. The conventional erasure codes suffer
from high repair-bandwidth, the total size of data to be downloaded for repair of each failed node. Regenerating
codes is a class of erasure codes which have gained popularity in this context, due to their low repair-bandwidth
while providing the same level of fault tolerance as erasure codes.
A. Problem Formulation and System Model
In an (n, k, d) regenerating code, a file comprised of F data symbols, each from a finite field Fq is encoded
into n pieces, and each piece will be stored one storage node of capacity α symbols. The stored data in the nodes
should maintain two main properties:
1) Data Recovery: By accessing any set of k nodes, the data collector must be able to recover the original
stored file.
2) Node Repair: In the event of node failure, the content of the failed node can be regenerated by connecting
to any subset of H nodes of size |H| = d, and downloading β symbols from each. The set H is called the
set of helper nodes.
There is tension between the two properties: while large parity groups are preferred for efficient data recovery,
the repair process requires more downloads if the parity groups including each missing symbol are large. This is
due to the fact that every symbol, except the missing one, in a parity equation should be downloaded before we can
retrieve the missing one. More formally, it is shown that there is a trade-off between the per-node storage capacity
α and the per-node repair-bandwidth β in a storage system that can guarantee the main properties for a file of size
F . While it is desired to minimize both α and β, one can be reduced only at the cost of increasing the other.
There are two types of node repairs: (i) functional-repair, where a failed node will be replaced by a new node
such that the resulting system continues to satisfy the data collection and node-repair properties. An alternative to
function repair is (ii) exact-repair, under which the replaced node stores precisely the same content as the failed
node. Hence, exact-repair is a more demanding criterion, and it is expected to require more repair bandwidth in
comparison to functional repair, for a given storage size. However, from the practical stand, the exact repair is
preferred, since it does not need the extra overhead of updating the system configuration.
B. Overview of the Previous Works
The regenerating codes were introduced in the seminal work of Dimakis et al. [8], wherein (n, k, d) distributed
storage systems are studied using information flow graphs. Moreover, using the cut-set bound, it is shown that the
per-node storage capacity α, the per-node repair bandwidth β, and the file size F should satisfy
F ≤
k∑
i=1
min(α, (d− i+ 1)β), (1)
for a storage system that maintains data recovery and node repair properties. This bound implies a trade-off between
α and β for a given F . This trade-off is shown to be achievable for the functional repair using random codes
introduced in [9], [10]. An important follow-up question was whether the same trade-off (1) is achievable with the
exact-repair property. First, in [11] it was shown that exact-repair regenerating codes can be constructed for the
3extreme points of the trade-off, namely, the minimum bandwidth regeneration (MBR) referring to the minimum β
satisfying (1), and the minimum storage regeneration1 (MSR), referring to the minimum α for which (1) can be
satisfied for a given F . Later, in [12] it was shown that some of the interior (between the two extreme) points of the
trade-off are not achievable under the exact repair criterion. While the proof of [12] does not rule out the possibility
of approaching the non-achievable trade-off points with an arbitrary small gap, the next question was whether there
is a non-vanishing gap between the trade-off of exact-repair and functional-repair codes. This question was first
answered in [13], where using the computer-aided approach of Yeung for information-theoretic inequalities [14],
Tian completely characterized the trade-off for an (n, k, d) = (4, 3, 3) systems. Note that (4, 3, 3) is the smallest
system for which there is a non-vanishing gap between functional and exact repair trade-off.
Thereafter, the attention of the data storage community has shifted to characterizing the optimum storage-
bandwidth trade-off for the exact-repair regenerating codes. A trade-off characterization consists of two-fold:
(i) designing the code constructions that has data recovery and exact node repair properties, achieving pairs of
(α, β), and (ii) proving information-theoretic arguments that provide lower bound for the achievable pairs of (α, β).
The focus of this paper is on code construction part, and hence, we provide a brief review of the existing code
constructions in the literature. To this end, we divide the existing codes into three main categories based on the
achievable trade-offs, as follows.
1. The MBR point: This point was fully solved for general (n, k, d) in [11], where it is shown that the functional-
repair trade-off is also achievable under the exact-repair criterion.
2. The MSR point: Most of the existing code constructions are dedicated to the MSR point. One of the earliest
work in this part is [15], where a computer search was carried out to find an (n = 5, k = 3, d = 4) MSR code.
The code constructions for general (n, k, d) parameters can be divided into (i) regime of low-rate codes where
k/n ≤ 1/2 and (ii) practically more important regime of high-rate codes where k/n > 1/2. The low-rate regime
was solved in [11], [16]. The proposed construction in [11] for parameters satisfying d > 2k − 2 includes two
steps: first a code is developed with d′ = 2k′ − 2, and then converted to a code with desired (k, d) parameters.
Later, in [17] the code construction was unified for all parameters d ≥ 2k − 2. The code construction for the high
rate codes of d < 2k − 2 remained as an open problem.
In [18], [19], it is shown that the exact-repair MSR code (for both low rate and high rate regimes) is achievable
in the asymptotic sense, that is when the file size is growing unboundedly. However, the proof was existential and
no explicit code construction was provided.
Explicit code construction for the high-rate regime is a more challenging problem and several papers have been
appeared to improve the state-of-the-art. The code constructions of [20]–[22] are limited to the repair of only
systematic nodes. Another category of code constructions is dedicated to codes with a limited number of parity
nodes. In particular, in [23], [24] Hadamard matrices are used to construct the first explicit MDS storage code
with only 2 parities (n = k + 2), that offer an optimum repair-bandwidth for the repair of any single node failure,
including the parities.
1The first MSR code construction in [11] only holds for some range of system parameters.
4Sub-packetization level α Field size q Code Parameters
M.Ye et al. [32] (n− k)n−1 q ≥ (n− k)n All
M.Ye et al. [28] (n− k)d nn−k e q ≥ (n− k)d n
n−k e n = d+ 1
B. Sasidharan et al. [31] (n− k)d nn−k e q ≥ (n− k)d n
n−k e n = d+ 1
Jie Li et al. [29] (n− k)d nn−k e q ≥ n n = d+ 1
Current paper (d− k + 1)k q ≥ n All
TABLE I
COMPARISON BETWEEN CODE CONSTRUCTIONS PROPOSED FOR THE MSR POINT.
Sub-packetization level, referring to the unnormalized value of α in terms of the number of symbols, is a
practically important parameter of any code construction. While it is preferred to minimize the sub-packetization
level, it can be lower than a certain lower bound provided in [25]. A class of MSR codes is introduced in [26] which
requires only polynomial sub-packetization in k, but a very large field size. Nevertheless, the proposed construction
of [26] is not fully explicit, and it is limited parameters satisfying n = d−1. The latter restriction was later relaxed
in [27], where the same result is shown for an arbitrary number of helper nodes.
Several MSR code constructions for arbitrary parameters (n, k, d) are recently proposed, which recent works
[28]–[31]. They are all optimum in terms of the storage vs. repair-bandwidth trade-off, and all achieve the optimum
sub-packetization matching the bound introduced in [25]. The codes proposed in [32] offer a dynamic repair, where
the number of helpers is flexible to be varied between k and n− 1.
The proposed codes in this work cover the entire trade-off, including the MSR point. In the resulting MSR codes
from proposed construction, the code parameters and especially the sub-packetization level do not depend on the
total number of nodes n. Also, another advantage of this construction is its flexibility of system expansion by
adding new parity nodes.
In contrast to other existing codes in the literature where the entire code needs to be redesigned if the total
number of nodes increases, the proposed construction here allows for adding new parity nodes to the system, without
changing the content of the other nodes. A comparison between the MSR code obtained from this construction and
the existing codes, in terms of required field size and the sub-packetization level is presented in Table I-B.
3. Interior points: The construction for the interior points (trade-off points except for MBR and MSR) were
restricted to the specific system parameters. In [33] the optimum code construction for (n = d + 1, k = d, d)
was presented. The achievable trade-off is shown to be optimum under the assumption of the linearity of the code
[34]–[36]. However, it wasn’t clear that if the same trade-off is achievable for n > d + 1. Most of the follow-up
efforts to increase the number of parity nodes resulted in compromising the system capacity to construct the code for
larger values of the n, and hence their trade-off was diverging from the lower bound of [34]–[36], and n increases.
The first n-independent achievable trade-off for interior points was provided in [37], where we showed, for any
(n, k = d, d) system, the trade-off corner point next to MSR can be achieved. However, the proof of [37] is just
an existence proof, where a random ensemble of codes are introduced, and it is shown that for any n, there exists
at least one code in the ensemble that satisfied both data recovery and node repair properties.
5In [38] the above-mentioned restriction for n was uplifted, where we proposed as an explicit code construction for
the entire trade-off of an (n, k = d, d) storage system. The proposed determinant codes are optimal, and achieve the
lower bound of [34]–[36], regardless of the total number of nodes. However, the repair process of the determinant
codes in [38] requires heavy computation, and more importantly, the repair data sent from a helper node to a failed
node depends on the identity of the other helpers participating in the repair process. Later in [39] this issue was
resolved by introducing a new repair mechanism.
The next set of works focus on breaking the last constraint, i.e., k = d. An explicit code construction was
introduced in [33] for an (n, k ≤ d, d) system. The resulting trade-off was improved by the code construction of
[40]. In [41] a class of improved layered code was introduced. However, it turns out that the resulting trade-off of
[41] in only optimum for the corner point next to the MBR, and only for an (n = d + 1, k, d) system. In [42],
for the first time, we broke the barrier for generalizing the parameter d to be any free parameter. However, the
construction in [42] is dedicated to a trade-off point next to the MBR, implying low repair bandwidth. Later in
[43], we extended the result for entire trade-off but only for an (n, k = d−1, d) system. In this paper, we propose a
code construction for general (n, k, d) parameter for the entire trade-off. We conjecture that the resulting trade-off
is optimum.
C. Notation and Terminologies
We will use lowercase letters to denote numbers (e.g., integers k and d or Galois field numbers v and w),
and bold symbols to denote matrices. For positive integers a and b, we denote set {a, a + 1, . . . , b − 1, b} by
[a : b], and set {1, 2, . . . , b} by [b]. Hence, for a > b we have [a : b] = ∅. Script-font letters (e.g., I and J to
denote a set of integer number). Hence x ∈ I implies integer x belongs to the set I. The largest entry of a
set I is denoted by max I, and the maximum of an empty set is defined as max∅ = −∞ for consistency. For
two sets I and J with |I| = |J | we write I ≺ J to indicate the lexicographical order between I and J , e.g.,
{1, 2, 3} ≺ {1, 2, 4} ≺ {1, 2, 5} ≺ {1, 3, 4} ≺ {1, 3, 5}. For an integer x and a set I, we define
indI(x) = |{y ∈ I : y ≤ x}| . (2)
For a matrix X and a set I, we denote the sub-matrix of X obtained from the rows in I by X[I, :].
Note that k and d (with k ≤ d) are the main system parameters throughout the paper. For a fixed k and a subset
I ⊆ [d], we define I = I ∩ [k] and I = I ∩ [k + 1 : d]. Similarly, for a matrix P with d rows, we define P and P
to be sub-matrices of P obtained from stacking the top k and the bottom (d− k) rows of a matrix P, respectively.
Throughout the analysis, we frequently need to concatenate several matrices, that is, merging a number of matrices
with the same number of rows side-by-side, to form a fat matrix with the same number of rows.
D. Paper Organization
The rest of this paper is organized as follows: We first present the main result of this work, which is the trade-off
achieved by the proposed codes, in Section II. Then, we review the (signed) determinant codes, their construction and
main properties in Section III. The proof of node repairability for singed determinant codes is given in Appendix A
6for the sake of completeness. The core idea of the code construction, which is the injection of symbols to protect
them in the data recovery, is presented in Section IV through a simple example. Section V is dedicated to the
ingredients of the code construction and its properties. Appendix B briefly discusses the conversion of the proposed
code with an arbitrary encoder matrix to a (semi)-systematic code, in which the first few nodes store the raw
data. The parameters of the proposed code construction are evaluated in Section VI. An explicit evaluation of the
parameters requires solving implicit recursive equation, which is performed using the Z-transform, as discussed
in Appendix C. We present a rather complete example of the proposed construction in Section VII, to facilitate
understanding the notation, concept of injection, as well as the formal proofs of code properties, which are given
in Section VIII. Finally, the paper is concluded in Section IX, with a comparison between the proposed code and
the product-matrix code, our conjecture regarding the optimality of the proposed codes, and a number of related
open question for future works.
II. MAIN RESULT
The main contribution of this paper is a novel construction for exact-repair regenerating codes, with arbitrary
parameters (n, k, d). The following theorem characterizes the achievable storage vs. repair-bandwidth trade-off of
the proposed code construction.
Theorem 1. For a distributed storage system with arbitrary parameters (n, k, d), the triple (α, β, F ) defined as
α(d, k;µ) =
µ∑
m=0
(d− k)µ−m
(
k
m
)
β(d, k;µ) =
µ∑
m=0
(d− k)µ−m
(
k − 1
m− 1
)
F (d, k;µ) =
µ∑
m=0
k(d− k)µ−m
(
k
m
)
−
(
k
µ+ 1
)
. (3)
is achievable for µ ∈ {1, . . . , k}.
The proposed trade-off is shown in Fig. 1, and is compared against that of other existing codes.
Note that for a given system parameter (n, k, d), a total of k triples of (α, β, F ) can be obtained from (3), by
changing the parameter µ. The following corollary shows that MBR and MSR points are subsumed as special points
of the proposed trade-off.
Corollary 1. The code construction of this paper achieves the MBR point for µ = 1, and the MSR point for µ = k.
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Fig. 1. The achievable trade-off of the proposed code for (n = 8, k = 4, d = 6), and its comparison to other known codes with these
parameters. The proposed trade-off has k = 4 corner points, enumerated with µ = 1, 2, 3, 4.
Proof. For the MBR point, corresponding to µ = 1, we have
αMBR , α(d, k; 1) =
1∑
m=0
(d− k)1−m
(
k
m
)
= (d− k) + k = d,
βMBR , β(d, k;µ) =
1∑
m=0
(d− k)1−m
(
k − 1
m− 1
)
= 1,
FMBR , F (d, k;µ) =
1∑
m=0
k(d− k)1−m
(
k
m
)
−
(
k
1 + 1
)
= kd−
(
k
2
)
=
k(2d− k + 1)
2
.
(4)
This triple satisfies
(
αMBR
FMBR
, βMBRFMBR
)
=
(
2d
k(2d−k+1) ,
2
k(2d−k+1)
)
, which is the characteristic of the MBR point [8].
Similarly, for µ = k we have
αMSR , α(d, k;µ) =
k∑
m=0
(d− k)k−m
(
k
m
)
= (d− k + 1)k,
βMSR , β(d, k;µ) =
k∑
m=0
(d− k)k−m
(
k − 1
m− 1
)
= (d− k + 1)k−1,
FMSR , F (d, k;µ) =
k∑
m=0
k(d− k)k−m
(
k
m
)
−
(
k
k + 1
)
= k(d− k + 1)k,
(5)
which satisfy
(
αMSR
FMSR
, βMSRFMSR
)
=
(
1
k ,
1
k(d−k+1)
)
, which is the identity of the MSR point [8].
Corollary 2. The proposed code at mode µ = k − 1 achieves the cut-set bound, and hence it is optimum.
Proof. The cut-set bound given by F ≤∑ki=1 min(α, (d − i + 1)β) reduces to F = (k − 1)α + (d − k + 1)β in
8the neighborhood of the MSR point. The latter equation is satisfied by the parameters of proposed code:
(k − 1)α(d, k; k − 1) + (d− k + 1)β(d, k; k − 1)
= kα(d, k; k − 1) + (d− k)β(d, k; k − 1)− [α(d, k; k − 1)− β(d, k; k − 1)]
=
k−1∑
m=0
k(d− k)k−1−m
(
k
m
)
+
k−1∑
m=0
(d− k)k−m
(
k − 1
m− 1
)
−
k−1∑
m=0
(d− k)k−1−m
[(
k
m
)
−
(
k − 1
m− 1
)]
=
k−1∑
m=0
k(d− k)k−1−m
(
k
m
)
+
k−1∑
m=0
(d− k)k−m
(
k − 1
m− 1
)
−
k−1∑
m=0
(d− k)k−1−m
(
k − 1
m
)
=
k−1∑
m=0
k(d− k)k−1−m
(
k
m
)
+
k−1∑
m=0
(d− k)k−m
(
k − 1
m− 1
)
−
k∑
m=1
(d− k)k−m
(
k − 1
m− 1
)
=
k−1∑
m=0
k(d− k)k−1−m
(
k
m
)
+ (d− k)k−0
(
k − 1
0− 1
)
− (d− k)k−k
(
k − 1
k − 1
)
=
k−1∑
m=0
k(d− k)k−1−m
(
k
m
)
− 1 = F (d, k; k − 1).
Hence, this point satisfies the cut-set bound and it is optimum.
III. A REVIEW OF (n, k = d, d;m) SIGNED DETERMINANT CODES
The code construction presented in this paper uses signed determinant codes as the main building blocks. The
family of determinant codes, first introduced in [38], [39] is a class of codes that achieve the optimum (linear)
storage-bandwidth tradeoff of the regenerating codes [34]–[36], when the number nodes participating in data recovery
equals the number of helpers contributing to a repair process, i.e., k = d. They are linear codes, which can
be constructed by multiplying an encoder matrix by a message matrix. The modification here (that converts a
determinant code to a signed determinant code) is due arbitrary assignment of (+/−) signs to the rows of the
message matrix, which affect all the entries in the corresponding row. As we will see in this section, the above
modification preserves all properties of determinant codes, while it is helpful towards our next step which is the
construction of (n, k, d) codes.
In the following, we review the construction of signed determinant codes and their properties. The family of
signed determinant codes for an (n, k = d, d) system consists of d distinct codes, enumerated by a parameter
m ∈ {1, 2, . . . , d}, which is called mode of the code. For any mode m ∈ [d], the parameters of the determinant
code corresponding to the m-th corner point on the trade-off are given by
(αm, βm, Fm) =
((
d
m
)
,
(
d− 1
m− 1
)
,m
(
d+ 1
m+ 1
))
.
Here m = 1 corresponds to MBR code, while m = d results in the parameters of an MSR code.
A. Code Construction
A signed determinant code with parameters (n, k, d) and mode m is represented by a matrix Cn×αm whose i-th
row includes the coded content of the i-th node. In general, Cn×αm is obtained by multiplying an encoder matrix
Ψn×d whose entries are from a finite field Fq and a message matrix Dd×αm . The encoder matrix Ψ is chosen such
9that any collection of d of its rows is linearly independent. Examples of such matrices include Vandermonde [44]
and Cauchy matrices [45]. The message matrix D has d rows and αm =
(
d
m
)
columns, and its entries are filled
with the symbols from the file to be stored in the storage system. To do this, we first split Fm = m
(
d+1
m+1
)
data
symbols into two groups, namely, V and W , and label them as
V = {vx,X : X ⊆ [d] , |X | = m,x ∈ X} ,
W = {wx,Y : Y ⊆ [d] , |Y| = m+ 1, x ∈ Y, indY(x) ≤ m} .
(6)
Here, the symbols of V are indexed by a set X ⊆ [d] of size m and an element x ∈ X , implying |V| = m( dm).
Similarly, the symbols in W are indexed by a pair (x,Y), where x can be any element of Y , except the largest
element. Hence, there are |W| = m( dm+1) symbols in set W . Note that
|V|+ |W| = m
(
d
m
)
+m
(
d
m+ 1
)
= m
(
d+ 1
m+ 1
)
= Fm.
Moreover, for (x,Y) with indY(x) = m+ 1, we compute a parity symbol wx,Y , so that the parity equation∑
y∈Y(−1)
indY(y)wy,Y = 0 (7)
is satisfied.
Finally, for a arbitrary given signature vector2 σD : [d] → Z, a plus or minus sign will be assigned to each
integer x ∈ [d], that is, (−1)σD(x). To fill the data matrix D, we label its rows by integer numbers from [d] and
its columns by subsets I ⊆ [d] with |I| = m, according to the lexicographical order. Then the entry at row x and
column I is given by
Dx,I =
 (−1)σD(x)vx,I if x ∈ I,(−1)σD(x)wx,I∪{x} if x /∈ I. (8)
For the sake of completeness, we define an (n, k = d, d;m = 0) determinant code at mode m = 0 to be a trivial
code with (α = 1, β = 0, F = 0), whose message matrix is a d× 1 all-zero matrix.
Remark 1. Note that the construction of signed determinant codes decouples the parameters of the code. The
encoder matrix only depends on n and d and remains the same for all modes. On the other hand, the message
matrix D is fully determined by parameters (d,m), and does not depend on n, the total number of nodes in the
system. Thus, we refer to the code defined above as a (d;m) signed determinant code and to matrix D as a (d;m)
message matrix.
Next, we review data recovery and exact repair properties for signed determinant codes.
B. Data Recovery
Proposition 1. In a (d;m) signed determinant code, all the data symbols can be recovered from the content of
any k = d nodes.
The proof of this proposition is similar to that of Proposition 1 in [39], and hence omitted for the sake of brevity.
2In the original determinant codes introduced in [38], [39] σ(x) was fixed to σD(x) = 0 for all x ∈ [d].
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C. Node Repair
Consider the repair process of a failed node f ∈ [n] from an arbitrary setH of |H| = d helpers. The repair-encoder
matrix for a (d;m) signed determinant code is defined below.
Definition 1. For a (d;m) signed determinant code with signature σ, and a failed node f ∈ [n], the repair-encoder
matrix Ξf,(m) is defined as a
(
d
m
)×( dm−1) matrix, whose rows are labeled by m-element subsets of [d] and columns
are labeled by (m− 1)-element subsets of [d]. The element in row I and column J of this matrix is given by
Ξ
f,(m)
I,J =
 (−1)σ(x)+indI(x)ψf,x if I \ J = {x},0 otherwise. (9)
Here σ(x)’s are the same signature used in (8).
In order to repair node f , each helper node h ∈ H multiplies its content Ψh ·D by the repair-encoder matrix of
node f to obtain Ψh ·D ·Ξf,(m), and sends the result to node f . Upon receiving d vectors {Ψh ·D ·Ξf,(m) : h ∈ H}
and stacking them into a matrix, the failed node obtains ΨH ·D ·Ξf,(m), where ΨH is a full-rank sub-matrix of
Ψ, obtained from stacking rows indexed by h ∈ H. Multiplying by Ψ−1H , the failed node retrieves
Rf (D) = D ·Ξf,(m), (10)
which is called the repair space of node f . All the coded symbols in node f can be recovered from its repair space
as described in the following proposition.
Proposition 2. The coded symbol in column I of node f can be recovered from
[Ψf ·D]I =
∑
x∈I
(−1)σD(x)+indI(x) [Rf (D)]
x,I\{x} . (11)
This proposition is very similar to Proposition 2 in [39]. However, due to modification introduced here, we present
the proof of the current proposition in Appendix A for the sake of completeness.
The required repair-bandwidth of this repair scheme is given below.
Proposition 3. The matrix Ξf,(m) defined in (9) has rank βm =
(
d−1
m−1
)
. Therefore, even though the number of
entries in vector Ψh ·D·Ξf,(m) is
(
d
m−1
)
, it can be fully sent to the failed node by communicating only βm =
(
d−1
m−1
)
symbols in Fq .
We refer to [39, Proposition 3] for the proofs of Proposition 3.
Remark 2. Note that a signed determinant code can be defined over any Galois field. In particular, for a code
designed over GF(2s) with characteristic 2, we have −1 = +1, and hence, all the positive and negative signs
disappear. Especially, the signs in (8) can be removed and the parity equation in (7) will simply reduce to∑
y∈I wy,I = 0. Also, the non-zero entries of the repair encoder matrix in (9) will be ψf,x, and the repair
equation in (26) will be replaced by [Ψf · S]I =
∑
x∈I
[
Rf (D)
]
x,I\{x}.
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IV. FROM SIGNED DETERMINANT CODES TO CASCADE CODES
In this section, we present a simple example, through which we explain the core idea of this code construction.
More precisely, we show how cascading several signed determinant codes allows us to break the constraint k = d
of the signed determinant codes.
We consider a code with parameters (n = 6, k = 3, d = 4) corresponding to mode µ = 3. Therefore, from
(3) the parameters of this code are given by (α, β, F ) = (8, 4, 24). To construct such a code, we start by an
(n′ = n = 6, k′ = d = 4, d′ = d = 4) signed determinant code of mode m = µ = 3 with an all-zero signature.
The message matrix for this code is given by
1<latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgR ta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV 9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM 5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1W a7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5 Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgR ta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV 9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM 5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1W a7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5 Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgR ta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV 9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM 5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1W a7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5 Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgR ta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV 9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM 5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1W a7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5 Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit>
2<latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0H bmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51 vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/ PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V 2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2 SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0H bmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51 vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/ PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V 2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2 SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0H bmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51 vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/ PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V 2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2 SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0H bmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51 vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/ PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V 2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2 SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit>
3
<latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgc O453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E 7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPm ejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4 vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/U j1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8 kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKD gATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgc O453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E 7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPm ejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4 vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/U j1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8 kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKD gATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgc O453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E 7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPm ejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4 vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/U j1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8 kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKD gATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgc O453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E 7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPm ejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4 vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/U j1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8 kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKD gATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit>
4<latexit sha1_base64="p62khEG 7bzgQcfxmytS6gJvkILo=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgc O453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0H bmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILW9YriD7ul51 vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/ PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V 2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2 SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFD wCJ7As/VgvViv1tvSWrBWmVOwBuv9Cx6VlWc=</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDice w73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEc zzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2/ DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0bg 9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UWuz SJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBE tMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8Ax erEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDice w73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEc zzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2/ DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0bg 9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UWuz SJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBE tMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8Ax erEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDice w73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEc zzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2/ DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0bg 9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UWuz SJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBE tMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8Ax erEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit>
v
h0i
1,{1,2,3} v
h0i
1,{1,2,4} v
h0i
1,{1,3,4} w
h0i
1,{1,2,3,4}
v
h0i
2,{1,2,3} v
h0i
2,{1,2,4} w
h0i
2,{1,2,3,4} v
h0i
2,{2,3,4}
v
h0i
3,{1,2,3} w
h0i
3,{1,2,3,4} v
h0i
3,{1,3,4} v
h0i
3,{2,3,4}
w
h0i
4,{1,2,3,4} v
h0i
4,{1,2,4} v
h0i
4,{1,3,4} v
h0i
4,{2,3,4}
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P =
<latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit>
Here, the superscript 〈0〉 is used to distinguish between the entries of this matrix and another message matrix which
will be introduced in the following.
Let us consider a semi-systematic encoder matrix Ψ with n = n′ = 6 rows. Existence of such semi-systematic
encoders with the desired properties is shown in Appendix B.
Ψ6×4 =

1 0 0 0
0 1 0 0
0 0 1 0
ψ4,1 ψ4,2 ψ4,3 ψ4,4
ψ5,1 ψ5,2 ψ5,3 ψ5,4
ψ6,1 ψ6,2 ψ6,3 ψ6,4

.
The repair space of this code is given by
12
{1, 2}
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 vh0i1,{1,2,3} f,3   vh0i1,{1,2,4} f,4 vh0i1,{1,2,3} f,2   vh0i1,{1,3,4} f,4 vh0i1,{1,2,4} f,2 + vh0i1,{1,3,4} f,3 · · ·
 vh0i2,{1,2,3} f,3   vh0i2,{1,2,4} f,4 vh0i2,{1,2,3} f,2   wh0i2,{1,2,3,4} f,4 vh0i2,{1,2,4} f,2 + wh0i2,{1,2,3,4} f,3 · · ·
 vh0i3,{1,2,3} f,3   wh0i3,{1,2,3,4} f,4 vh0i3,{1,2,3} f,2   vh0i3,{1,3,4} f,4 vh0i3,{1,3,4} f,3 + wh0i3,{1,2,3,4} f,2 · · ·
 vh0i4,{1,2,4} f,4   wh0i4,{1,2,3,4} f,3 wh0i4,{1,2,3,4} f,2   vh0i4,{1,3,4} f,4 vh0i4,{1,2,4} f,2 + vh0i4,{1,3,4} f,3 · · ·
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· · ·  vh0i1,{1,2,3} f,1   wh0i1,{1,2,3,4} f,4 wh0i1,{1,2,3,4} f,3   vh0i1,{1,2,4} f,1  vh0i1,{1,3,4} f,1   wh0i1,{1,2,3,4} f,2
· · ·  vh0i2,{1,2,3} f,1   vh0i2,{2,3,4} f,4 vh0i2,{2,3,4} f,3   vh0i2,{1,2,4} f,1  vh0i2,{2,3,4} f,2   wh0i2,{1,2,3,4} f,1
· · ·  vh0i3,{1,2,3} f,1   vh0i3,{2,3,4} f,4 vh0i3,{2,3,4} f,3   wh0i3,{1,2,3,4} f,1  vh0i3,{1,3,4} f,1   vh0i3,{2,3,4} f,2
· · ·  vh0i4,{2,3,4} f,4   wh0i4,{1,2,3,4} f,1 vh0i4,{2,3,4} f,3   vh0i4,{1,2,4} f,1  vh0i4,{1,3,4} f,1   vh0i4,{2,3,4} f,2
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It is easy to see that the content of the failed node can be recovered as linear combinations of entries of Rf (P),
since d = d′ = 4. For instance, the entry I = {1, 3, 4} of the P-segment of a failed node f is repaired using the
equation (11) that is
[Ψf ·P]{1,3,4}=
∑
x∈{1,3,4}
(−1)ind{1,3,4}(x)[Rf,(4)(P)]x,{1,3,4}\{x}
= −
(
−v〈0〉1,{1,3,4}ψf,1 − w〈0〉1,{1,2,3,4}ψf,2
)
+
(
v
〈0〉
3,{1,3,4}ψf,3 + w
〈0〉
3,{1,2,3,4}ψf,2
)
−
(
w
〈0〉
4,{1,2,3,4}ψf,2 − v〈0〉4,{1,3,4}ψf,4
)
= v
〈0〉
1,{1,3,4}ψf,1 + v
〈0〉
3,{1,3,4}ψf,3 + v
〈0〉
4,{1,3,4}ψf,4+
(
w
〈0〉
1,{1,2,3,4} + w
〈0〉
3,{1,2,3,4} − w〈0〉4,{1,2,3,4}
)
ψf,2
= v
〈0〉
1,{1,3,4}ψf,1 + v
〈0〉
3,{1,3,4}ψf,3 + v
〈0〉
4,{1,3,4}ψf,4 + w
〈0〉
2,{1,2,3,4}ψf,2
Moreover, the code generated by P maintains data recovery from any k′ = 4 nodes. The question is what happens
if the data collector can only access k = 3 nodes.
Let us consider the data recovery from the first k = 3 systematic nodes (instead of k′ = 4 nodes). The contents
of the systematic node i is identical to the corresponding rows i of P, for i = 1, 2, 3. Therefore, the data collector
accessing nodes in K{1, 2, 3} cannot recover the four symbols in the last row3 of P. Note that symbol w〈0〉4,{1,2,3,4}
is a parity symbol, and can be still recovered from observed symbols w〈0〉1,{1,2,3,4}, w
〈0〉
2,{1,2,3,4}, w
〈0〉
3,{1,2,3,4}, through
the parity equation in (7):
w
〈0〉
4,{1,2,3,4} = w
〈0〉
1,{1,2,3,4} − w〈0〉2,{1,2,3,4} + w〈0〉3,{1,2,3,4}.
However, the other three symbols v〈0〉4,{1,2,4}, v
〈0〉
4,{1,3,4}, v
〈0〉
4,{2,3,4} cannot be recovered by the data collector.
3In general, the symbols in the bottom (d− k) rows of the message matrix will be missed.
13
In order to recover these missing symbols, we use another signed determinant code (with a lower mode), and
use its parity entries to keep a backup copy for each of the missing symbols. The process of copying the missing
symbols to the parity entries of another message matrix is called injection throughout this paper. Injection simply
means adding a symbol to the entry of massage matrix that contains a parity symbol. We also refer to the message
matrix to which injection happens as the child node of the injection. Similarly, the message matrix whose symbols
are injected is called the parent code of the injection. In this example, the child code is of mode m = 1 and an
all-zero signature σQ = (0, 0, 0, 0), whose message matrix is given by
1<latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzg Rta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63r V9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjn M5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz 1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm 5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzg Rta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63r V9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjn M5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz 1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm 5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzg Rta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63r V9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjn M5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz 1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm 5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgI Tomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gib j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzg Rta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63r V9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjn M5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz 1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm 5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit>
2<latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0 HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul5 1vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip /PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI /V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGb uh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0 HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul5 1vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip /PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI /V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGb uh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0 HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul5 1vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip /PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI /V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGb uh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3 EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0 HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul5 1vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip /PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI /V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGb uh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit>
3
<latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDg cO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0 E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaP mejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip 4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE /Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0Mwkcz cD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDg cO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0 E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaP mejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip 4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE /Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0Mwkcz cD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDg cO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0 E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaP mejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip 4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE /Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0Mwkcz cD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKI VIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL Toa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDg cO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0 E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaP mejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip 4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE /Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0Mwkcz cD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit>
4<latexit sha1_base64="p62khEG 7bzgQcfxmytS6gJvkILo=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjL j0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDg cO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0 HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILW9YriD7ul5 1vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip /PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI /V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGb uh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9Cx6VlWc=</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDic ew73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaE czzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2 /DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0b g9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UW uzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/ JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDic ew73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaE czzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2 /DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0b g9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UW uzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/ JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413AT juVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMIm hrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDic ew73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaE czzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2 /DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0b g9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UW uzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/ JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit>
v
h1i
1,{1} w
h1i
1,{1,2} w
h1i
1,{1,3} w
h1i
1,{1,4}
w
h1i
2,{1,2} v
h1i
2,{2} w
h1i
2,{2,3} w
h1i
2,{2,4}
w
h1i
3,{1,3} w
h1i
3,{2,3} v
h1i
3,{3} w
h1i
3,{3,4}
w
h1i
4,{1,4} w
h1i
4,{2,4} w
h1i
4,{3,4} v
h1i
4,{4}
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Q =
<latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit>
Note that there are three redundant symbols in the top three rows of the Q, since the parity equation in (7) implies
w
〈1〉
2,{1,2} = w
〈1〉
1,{1,2},
w
〈1〉
3,{1,3} = w
〈1〉
1,{1,3},
w
〈1〉
3,{2,3} = w
〈1〉
2,{2,3}.
hence, we can use these redundant symbols to backup the missing symbols of P. We denote the modified version
of the message matrix Q by Q. Concatenating P and Q results in super-message matrix given by
1<latexit sha1_base64="6Zf/tgITomtq 62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2t7p 7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9 WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZ Yz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho 01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgITomtq 62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2t7p 7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9 WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZ Yz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho 01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgITomtq 62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2t7p 7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9 WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZ Yz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho 01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgITomtq 62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2t7p 7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9 WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZ Yz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho 01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxnNlWQ=</latexit>
2<latexit sha1_base64="yaNqcx3EZXwc cALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreK e6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/ RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHG WI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba 9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwc cALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreK e6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/ RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHG WI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba 9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwc cALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreK e6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/ RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHG WI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba 9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwc cALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreK e6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/ RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHG WI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba 9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9CxtllWU=</latexit>
3
<latexit sha1_base64="VTzPnKIVIGfK8lh WimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaC YzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/Kxy ddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH 2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSK x3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0 kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc 3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKIVIGfK8lh WimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaC YzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/Kxy ddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH 2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSK x3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0 kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc 3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKIVIGfK8lh WimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaC YzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/Kxy ddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH 2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSK x3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0 kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc 3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKIVIGfK8lh WimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaC YzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/Kxy ddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH 2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSK x3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0 kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc 3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit>
4<latexit sha1_base64="p62khEG7bzgQ cfxmytS6gJvkILo=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2q FkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreK e6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/ RiPBIsYwdpILW9YriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHG WI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba 9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tv SWrBWmVOwBuv9Cx6VlWc=</latexit><latexit sha1_base64="Go413ATjuVbS 32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMImhrbuCG5cV7APaUC aTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nza3tmt7 Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4 LFgMSNYG+nOH1VryLlu1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGL sp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9 UWuzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnL NsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8AxerEfr1XpbGjesVeI UrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413ATjuVbS 32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMImhrbuCG5cV7APaUC aTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nza3tmt7 Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4 LFgMSNYG+nOH1VryLlu1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGL sp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9 UWuzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnL NsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8AxerEfr1XpbGjesVeI UrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413ATjuVbS 32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIKrMImhrbuCG5cV7APaUC aTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nza3tmt7 Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4 LFgMSNYG+nOH1VryLlu1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGL sp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9 UWuzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnL NsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8AxerEfr1XpbGjesVeI UrMF6/wKPOJQp</latexit>
{1, 2, 3}
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v
h1i
1,{1} w
h1i
1,{1,2} w
h1i
1,{1,3} w
h1i
1,{1,4}
w
h1i
2,{1,2} +A v
h1i
2,{2} w
h1i
2,{2,3} w
h1i
2,{2,4}
w
h1i
3,{1,3} +B w
h1i
3,{2,3} + C v
h1i
3,{3} w
h1i
3,{3,4}
w
h1i
4,{1,4} w
h1i
4,{2,4} w
h1i
4,{3,4} v
h1i
4,{4}
v
h0i
1,{1,2,3} v
h0i
1,{1,2,4} v
h0i
1,{1,3,4} w
h0i
1,{1,2,3,4}
v
h0i
2,{1,2,3} v
h0i
2,{1,2,4} w
h0i
2,{1,2,3,4} v
h0i
2,{2,3,4}
v
h0i
3,{1,2,3} w
h0i
3,{1,2,3,4} v
h0i
3,{1,3,4} v
h0i
3,{2,3,4}
w
h0i
4,{1,2,3,4} v
h0i
4,{1,2,4} v
h0i
4,{1,3,4} v
h0i
4,{2,3,4}
M =
⇥
P Q
⇤
=
<latexit sha1_base 64="(null)">(null)</latexit><latexit sha1_base 64="(null)">(null)</latexit><latexit sha1_base 64="(null)">(null)</latexit><latexit sha1_base 64="(null)">(null)</latexit>
where A, B, and C will be determined such that the missing symbols v〈0〉4,{1,2,4}, v
〈0〉
4,{1,3,4}, v
〈0〉
4,{2,3,4} can be fully
retrieved from (A,B,C). Note that with this modification, the recovery problem (from the first k = 3 nodes) will
be resolved.
Now, consider a failed node f . Note that before the injection, each entry [Ψf ·Q]I could be recovered from the
repair space Rf (Q), given by
14
1<latexit sha1_base64="6Z f/tgITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmF jc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57a WS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs 63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTTh Wqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUE EaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU 92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01 fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latex it><latexit sha1_base64="6Z f/tgITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmF jc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57a WS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs 63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTTh Wqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUE EaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU 92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01 fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latex it><latexit sha1_base64="6Z f/tgITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmF jc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57a WS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs 63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTTh Wqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUE EaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU 92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01 fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latex it><latexit sha1_base64="6Z f/tgITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmF jc2t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57a WS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs 63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTTh Wqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUE EaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU 92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01 fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latex it>
2<latexit sha1_base64="ya Nqcx3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdj Y3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6 mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7 ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46 V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglh FEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V /RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9F UyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latex it><latexit sha1_base64="ya Nqcx3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdj Y3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6 mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7 ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46 V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglh FEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V /RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9F UyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latex it><latexit sha1_base64="ya Nqcx3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdj Y3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6 mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7 ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46 V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglh FEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V /RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9F UyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latex it><latexit sha1_base64="ya Nqcx3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdj Y3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6 mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7 ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46 V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglh FEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V /RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9F UyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latex it>
3
<latexit sha1_base64="VT zPnKIVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhl PoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7Vdj Y3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6 mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2 VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46 VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglh FEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq +HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06a tkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latex it><latexit sha1_base64="VT zPnKIVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhl PoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7Vdj Y3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6 mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2 VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46 VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglh FEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq +HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06a tkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latex it><latexit sha1_base64="VT zPnKIVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhl PoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7Vdj Y3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6 mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2 VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46 VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglh FEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq +HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06a tkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latex it><latexit sha1_base64="VT zPnKIVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhl PoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7Vdj Y3NreKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6 mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2 VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46 VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglh FEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq +HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06a tkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADC KDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lWY=</latex it>
4<latexit sha1_base64="p6 2khEG7bzgQcfxmytS6gJvkILo=">AAAB/HicdVDLSgMxFM 3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQS v0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdj Y3NreKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6 mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILW9YriD7 ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46 V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglh FEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V /RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9F UyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGB FDwCJ7As/VgvViv1tvSWrBWmVOwBuv9Cx6VlWc=</latex it><latexit sha1_base64="Go 413ATjuVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ 34rPFV3boZLIKrMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+ gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nz a3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kx QnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu 1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6U GLsp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU 2me0HCh/kwUOFFqloTGmWA9UWuzSJWh+W9/afzLP8h13AwK JrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnLNs V8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go 413ATjuVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ 34rPFV3boZLIKrMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+ gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nz a3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kx QnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu 1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6U GLsp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU 2me0HCh/kwUOFFqloTGmWA9UWuzSJWh+W9/afzLP8h13AwK JrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnLNs V8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go 413ATjuVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ 34rPFV3boZLIKrMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+ gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nz a3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kx QnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu 1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6U GLsp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU 2me0HCh/kwUOFFqloTGmWA9UWuzSJWh+W9/afzLP8h13AwK JrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnLNs V8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8 AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</latexit>
?
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 vh1i1,{1} f,1   wh1i1,{1,2} f,2   wh1i1,{1,3} f,3   wh1i1,{1,4} f,4
 wh1i2,{1,2} f,1   vh1i2,{2} f,2   wh1i2,{2,3} f,3   wh1i2,{2,4} f,4
 wh1i3,{1,3} f,1   wh1i3,{2,3} f,2   vh1i3,{3} f,3   wh1i3,{3,4} f,4
 wh1i4,{1,4} f,1   wh1i4,{2,4} f,2   wh1i4,{3,4} f,3   vh1i4,{4} f,4
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Rf (Q) =
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It is easy to verify that using Equation (11) the repair of entry I = {x} of the child code is given by
[Ψf ·Q]I=
∑
x∈I
(−1)indI(x)[Rf (Q)]x,I\{x} = −[Rf (Q)]x,∅ (12)
However, after this modification, the child code Q is not a signed determinant code anymore, and the exact repair
property will fail. The four coded symbols corresponding to the Q segment of a failed node f are given by
{1} : ψf,1v〈1〉1,{1} + ψf,2(w〈1〉2,{1,2} +A) + ψf,3(w〈1〉3,{1,3} +B) + ψf,4w〈1〉4,{1,4}
{2} : ψf,2v〈1〉2,{2} + ψf,1w〈1〉1,{1,2} + ψf,3(w〈1〉3,{2,3} + C) + ψf,4w〈1〉4,{2,4}
{3} : ψf,3v〈1〉3,{3} + ψf,1w〈1〉1,{1,3} + ψf,2w〈1〉2,{2,3} + ψf,4w〈1〉4,{3,4}
{4} : ψf,4v〈1〉4,{4} + ψf,1w〈1〉1,{1,4} + ψf,2w〈1〉2,{2,4} + ψf,3w〈1〉3,{3,4}.
(13)
On the other hand, the repair space of the failed node for the modified code Q, i.e., Rf (Q) = Q ·Ξf,(1), is given
by
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 vh1i1,{1} f,1   wh1i1,{1,2} f,2   wh1i1,{1,3} f,3   wh1i1,{1,4} f,4
 
⇣
w
h1i
2,{1,2} +A
⌘
 f,1   vh1i2,{2} f,2   wh1i2,{2,3} f,3   wh1i2,{2,4} f,4
 
⇣
w
h1i
3,{1,3} +B
⌘
 f,1  
⇣
w
h1i
3,{2,3} + C
⌘
 f,2   vh1i3,{3} f,3   wh1i3,{3,4} f,4
 wh1i4,{1,4} f,1   wh1i4,{2,4} f,2   wh1i4,{3,4} f,3   vh1i4,{4} f,4
<latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit>
Rf (Q) =
<latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit><latexit sha1_base64="(nu ll)">(null)</latexit>
Comparing the symbols of the failed node against the entries of the repair space, it turns out that only [Ψf ·Q]{4}
can be found from − [Rf (Q)]
4,∅, while there is a mismatch for the other three symbols, due to injections of A,
B, and C. Let us compare [Ψf ·Q]{1} and −
[
Rf (Q)
]
1,∅. Their difference is given by
[Ψf ·Q]{1} +
[
Rf (Q)
]
1,∅ = ψf,2A+ ψf,3B. (14)
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Note that by setting
A = v
〈0〉
4,{1,2,4}, B = v
〈0〉
4,{1,3,4}, C = v
〈0〉
4,{2,3,4}
this difference reduces to ψf,2v
〈0〉
4,{1,2,4}+ψf,3v
〈0〉
4,{1,3,4}, which is exactly the entry at position (4, {1, 4}) of Rf (P),
the repair space of the parent code. That is, the missing symbol of the failed node in its Q segment can be retrieved
using the repair space of Q and P. It is easy to check that with the same assignment of A, B, and C given in
(14), all the four symbols of the failed node in its Q segment can be recovered through
[Ψf ·Q]{1} = −
[
Rf (Q)
]
1,∅ +
[
Rf (P)
]
4,{1,4} ,
[Ψf ·Q]{2} = −
[
Rf (Q)
]
2,∅ +
[
Rf (P)
]
4,{2,4} ,
[Ψf ·Q]{3} = −
[
Rf (Q)
]
3,∅ +
[
Rf (P)
]
4,{3,4} ,
[Ψf ·Q]{4} = −
[
Rf (Q)
]
4,∅ .
In summary, this example showed that (1) for a system with k < d, the data recovery of the (signed) determinant
codes fails; (2) the shortcoming in data recovery can be fixed by concatenating new determinant code (called the
child code) with the original one (called the parent code), and providing a backup copy for the missing symbols;
as we will show later, this will not only fix the data recovery from the systematic nodes, but also for any set of k
nodes access by the data collector; (3) the usual repair of the child code may fail due to the injected symbols; and
finally (4) this repair can be also fixed by the help of the repair space of the parent code. In the rest of this paper,
we formalize these steps for a code with arbitrary parameters and prove that the resulting code satisfied both the
data recovery and the exact-repair properties.
V. (n, k, d) CODE CONSTRUCTION
A. An Overview: Cascading Determinant Codes
In this section, we describe the construction for an (n, k, d) exact-regenerating code. There are k different
regenerating codes for a distributed storage system with parameters (n, k, d), operating at different storage vs.
repair bandwidth trade-off. We enumerate them by a parameter µ ∈ {1, 2, . . . , k}, which is called the mode of
the code. The general framework to construct an (n, k, d;µ) exact-regenerating code is to start with a determinant
code with parameters (n′ = n; k′ = d, d′ = d;m = µ) (or simply a (d;µ) determinant code), and modify it to an
(n, k, d;µ) code for a given k < d.
Consider a (d;µ) determinant code with encoder matrix Ψ and message matrix D. Without loss of generality,
we can assume the code is semi-systematic, i.e., Ψ has an identity matrix at its top k rows (see Definition 4), and
thus the content of node i ∈ [k] is the same as the i-th row of the matrix D. From Proposition 1 we know that data
recovery can be performed from any k′ = d nodes. Now, let k < d be a given parameter, and consider an attempt
for data recovery from the first k nodes. It is clear that we cannot recover some symbol in rows [k+1 : d] of matrix
D, since they do not appear in the content of the first k nodes. We refer to such symbols as missing symbols. The
main idea to overcome this limitation is to protect such missing symbols in data recovery, by providing a backup
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Fig. 2. Cascading of determinant codes. `m denotes the number of code segments of mode m for m ∈ {0, 1, . . . , µ}. The code matrix at
mode m is of size d×αm, where αm =
( d
m
)
. The missing symbols in the lower d− k rows of code m1 are injected into the parity symbols
in the top k rows of codes with mode m2 where m2 < m1.
copy of them in the top k rows. The main challenge is to introduce such backup copies such that they do not
demolish the repair process.
To this end, we use multiple instances of (d;m) determinant codes with different modes m ∈ {0, 1, . . . , µ},
and concatenate their message matrices to obtain a super-message matrix, as shown in Fig. 2. This super-message
matrix then will be multiplied (from left) by an encoder matrix Ψ to generate the node contents. Therefore, the
codewords (the content of the nodes) will be also a concatenation of the codewords of the determinant codes used
as building blocks. Recall that there are redundant symbols (see the parity equation in (7)) in each message matrix
used in the concatenation. While such redundant symbols play a critical role in the repair process, they have no
contribution in the data recovery. The main purpose of concatenating codes is to utilize such redundant symbols
to store a backup copy of the missing symbols in the lower (d − k) rows. More precisely, we inject (add to the
existing symbol) a missing symbol from the bottom (d− k) rows of a code matrix at mode m1 (on outer code or
parent code) to a parity symbol in top k rows of another code matrix at mode m2 (in inner code or child code),
where m2 < m1. However, the missing symbols of the inner code with mode m2 should be also backed up by
injection into another code with lower mode m3 < m2. This leads to a cascade of determinant codes. The details
of cascading are discussed in the following sections.
B. The Encoder Matrix
Definition 2. The encoder matrix Ψ for a code with parameters (n, k, d) is defined as an n× d matrix
Ψn×d =
[
Γn×k|Υn×(d−k)
]
,
such that
(E1) any k rows of Γ are linearly independent; and
(E2) any d rows of Ψ are linearly independent.
Note that Vandermonde matrices satisfy both properties. Similar to determinant codes, the super-message matrix
of the cascade codes will be multiplied (from left) by an encoder matrix to generate the encoded content of the
nodes.
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C. The Super-Message Matrix
We describe the construction of the super-message matrix in this section. As mentioned before, M can be obtained
in two stages, namely,
• Concatenating several determinant codes, including `m copies of the codes of mode m, for m ∈ {0, 1, . . . , µ}.
The values of `m’s are determined later as given in (33);
• Injecting the missing symbols at the bottom (d− k) rows of a code at mode j (the parent code) to the parity
symbols at the top k rows of a code at mode m (a child code), where m < j. The details of symbol injection
are given in Section V-D.
We refer to the determinant code message matrices used in a super-message matrix as code segments. Similarly, the
codewords comprise of multiple codeword segment, each corresponding to one code segment. Each code segment
at mode m is originally a determinant code at mode m, namely D(m). We start with a root code, which is a
determinant code with parameters (d;µ), and in each stage introduce other determinant codes with a lower mode,
into which injection is performed. The ultimate super-message matrix will be obtained by concatenating all such
injected message matrices of determinant codes.
D. The Injection Process
The details of symbol injection are discussed in this section. The missing symbols at the lower (d− k) rows of
a determinant code segment will be treated differently. To further elaborate this, we need the following definitions.
Definition 3. Consider an (n, d, d; j) determinant code at mode j with message matrix P. Recall from (6) that
symbols in P are of the forms either vx,X with |X | = j or wx,Y with |Y| = j + 1. Therefore, the symbols in P
(lower (d− k) rows of P as defined in I-C) can be divided into four groups:
• G1(P) =
{±vx,X : x ∈ X ,X = ∅} ∪ {±wx,Y : x ∈ Y,Y = ∅} = {Px,X : X ⊆ [k + 1 : d]},
• G2(P) =
{±wx,Y : x ∈ Y,Y 6= ∅, indY(x) = j + 1} = {Px,X : X * [k + 1 : d] , x > maxX},
• G3(P) =
{±vx,X : x ∈ X ,X 6= ∅} = {Px,X : X * [k + 1 : d] , x ∈ X},
• G4(P) =
{±wx,Y : x ∈ Y,Y 6= ∅, indY(x) < j + 1} = {Px,X : X * [k + 1 : d] , x /∈ X , x < maxX}.
We treat symbols in the above-mentioned four groups as follows:
• Symbols in G1(P) will be set to zero (nulled). This yields a reduction in Fj , the number of data symbols
stored in the code segment.
• Symbols in G2(P) are essentially parity symbols and can be recovered from the symbols in P and the parity
equation (7). Therefore, we do not need to protect them by injection.
• Each symbol in G3(P) ∪ G4(P) will be injected into a redundant parity symbol in the top k rows of the
message matrix of a determinant code with lower modes. Those codes used for injection are called child codes
of P.
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Remark 3. For a signed determinant code P with mode (P) = j the number of symbols in G3(P) to be protected
can be found from
|G3(P)| = |{(x,X ) : X * [k + 1 : d] , |X | = j, x ∈ X}|
=
j−1∑
u=1
∣∣{(x,X ) : ∣∣X ∣∣ = u, |X | = j − u, x ∈ X}∣∣
=
j−1∑
u=1
(
k
u
)(
d− k
j − u
)
(j − u).
Similarly, for G4 we have
|G4(P)| = |{(x,X ) : X * [k + 1 : d] , |X | = j, x ∈ [k + 1 : d] \ X , x < maxX}|
= |{(x,Y) : Y * [k + 1 : d] , |Y| = j + 1, x ∈ Y \ {maxY}}| (15)
=
j∑
u=1
∣∣{(x,Y) : ∣∣Y∣∣ = u, |Y| = j + 1− u, x ∈ Y \ {maxY}}∣∣
=
j∑
u=1
(
k
u
)(
d− k
j + 1− u
)
(j − u)
where in (15) we have Y = X ∪ {x}, with |Y| = j + 1. This implies there is a total of
|G3(P) ∪ G4(P)| =
j−1∑
u=1
(
k
u
)(
d− k + 1
j − u+ 1
)
(j − u) (16)
symbols in a signed determinant code of mode j to be injected.
For each injection, we refer to the code whose symbols in the lower part need protection as the parent code.
Furthermore, the code into which symbols are injected is called the child code.
Remark 4. Note that we may need multiple child codes for a parent code to protect all the symbols in G3(P)∪G4(P).
However, for each child code, there is only one parent code that injects symbols into it. This leads to the tree structure
for the injection hierarchy (see Fig. 4).
Consider a parent code with message matrix P, which is a (d; j) signed determinant code with mode j. We need
to introduce several child codes for P to inject its symbols into. We distinguish these child codes by a pair (b,B),
satisfying
(i) b ∈ [k + 1 : d],
(ii) B ⊆ [k + 1 : d],
(iii) b ≤ maxB.
We refer to (b,B) as the injection pair. Furthermore, we denote tha child code of P code associated with an
injection pair (b,B) by Q b,B←−−P (or simply Q, whenever it does it cause a confusion) which is a signed determinant
code with parameters (d;m) where its mode satisfies
mode (Q) = mode (P)− |B| − 1.
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The signature of this signed determinant code is given by
σQ(i) = 1 + σP(i) + indB∪{i}(i), ∀i ∈ [d] , (17)
where σP(i) are the sign parameters of the parent codes.
Symbols of code P will be injected into the message matrices of its child codes, i.e., added to (some of) the
entries of the message matrix Q b,B←−−P. We denote the modified version (after injection) of child code Q b,B←−−P by
Q b,B←−−P. This modification is modeled by adding the matrix of injection symbols ∆ b,B←−−P to the original Q b,B←−−P
matrix, i.e.,
Q b,B←−−P = Q b,B←−−P + ∆ b,B←−−P. (18)
Here ∆ b,B←−−P is a matrix with the same size as Q, that specifies the difference between the before- and after-
injection. For a code with injection pair (b,B), the symbol injected into row i and column I is given by4
[
∆ b,B←−−P
]
i,I
=
(−1)
1+σP(i)+indI∪{i}∪B(i)Pb,I∪{i}∪B if i > max I, i /∈ B, I ∩ B = ∅,
0 otherwise.
(19)
Here, the coordinates of injection satisfy i ∈ [d] and I ⊆ [d] with |I| = m = mode (Q).
Note that symbols of the code Q may also need to be injected into the message matrix of another code, which is
a child code of Q (and hence grandchild code of P). Hence, injections will be performed in a cascade manner. The
ultimate super-message matrix will be obtained by concatenating all modified (after injection) message matrices.
The following remarks are provided for a comprehensive description of the injection process. However, they do
not play a critical role in the proofs, and can be skipped.
Remark 5. The injection equation in (19) specifies the injection from the child code’s perspective, i.e., for a given
entry (row i and column I) of a child code message matrix with injection pair (b,B), the equation determines
whether an injection into this entry is performed, and specifies the to-be-injected entry of the parent code. This
representation is the most compact and useful form to prove the fundamental properties of the code. However, it
is more intuitive to describe the injection from the parent code’s point of view, that is, for every symbol in groups
G3(P)∪G4(P) of a parent code P, specify the position(s) and parameters of the child code(s) to which that symbol
will be injected. In the following, we specify injection equations from the child code’s perspective (see Fig. 3). It
is worth mentioning that a single symbol might be injected to several child codes. One of such injections is called
primary and the rest are called secondary. We refer to the rest of this remark as well as Remark 6 for a detail
distinction between the two types of injections.
(I) Primary injection of v-symbols: for any (x,X ) such that X 6= ∅ and x ∈ X (i.e., vx,X ∈ G3(P)) we have
Px,X = (−1)σP(x)vx,X ±1−−−−−→
[
Q x,X←−−P
]
maxX ,X\{maxX}
= (−1)σQ(maxX )w(x,X ,P)
maxX ,X . (20)
4Note that for an underlying Galois field GF(2s) with characteristic 2, the injection equation reduces to
[
∆ b,B←−−P
]
i,I
=
Pb,I∪{i}∪B1{i>max I,i/∈B,I∩B=∅}.
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Fig. 3. Symbol injection: The shaded cells in the column indicate the set X for an element (x,X ). The primary injection for a v-symbols in
G3 where x ∈ X in shown in (I). The coordinates of the injection are given by (y, I) = (maxX ,X \ {maxX}). Therefore, the child code is
a determinant code of mode |I| = ∣∣X ∣∣, designated by an injection pair (b,B) = (x,X ). The same v-symbol will be injected (perhaps multiple
times) as secondary injections. As indicated in (II), the coordinates of a secondary injection are given by (y, I) where i can be any element of
X , and I includes the entire X as well as an arbitrary subset of Y ⊆ X[k+1:y−1] (one injection for each pair of (y,Y). The child code used for
each such injection is a determinant code of mode |I| = ∣∣X ∪ Y∣∣, which is identified by an injection pair (b,B) = (x,X[k+1:d] \ (Y ∪{y})).
Primary and secondary injections of a w-symbol in G4 (where x /∈ X ) are shown in parts (III) and (IV), respectively.
Here Q is a signed determinant code of mode
mode (Q) =
∣∣X ∣∣− 1,
and the superscript of the w-symbol in the parent code’s message matrix is a tuple of the form (b,B,P) where
(b,B) is the injection-pair associated to the child code, and P is the parent, for which code Q is introduced.
Moreover ±1 on the arrow indicates that the injection takes place after a proper change of sign. Here, this
sign is determined by (−1)1+σP(maxX )+indX (maxX ). More precisely, the symbol at row maxX and column
X of the child code will be modified from[
Q x,X←−−P
]
maxX ,X\{maxX}
= (−1)σQ(maxX )w(x,X ,P)
maxX ,X
to [
Q x,X←−−P
]
maxX ,X\{maxX}
= (−1)σQ(maxX )w(x,X ,P)
maxX ,X + (−1)
1+σP(maxX )+indX (maxX )(−1)σP(x)vx,X .
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(II) Secondary injection of v-symbol: Beside the injections described in (I), a symbol vx,X with X 6= ∅ and
x ∈ X will be also injected as
Px,X = (−1)σP(x)vx,X ±1−−−−−→
[
Q x,X[y+1:d]∪Y′←−−−−−−−−−P
]
y,X∪Y
= (−1)σQ(y)w(x,X[y+1:d]∪Y
′,P)
y,X∪Y∪{y} , (21)
for every y ∈ X and (Y,Y ′) that partition X[k+1:y−1], that is, Y ∩ Y ′ = ∅ and Y ∪ Y ′ = X[k+1:y−1].
Moreover, such a secondary injection will be performed only if x ≤ maxX[y+1:d] ∪ Y ′. We used X[k+1:y−1]
to denote the set X ∩ [k + 1 : y − 1], and X[y+1:d] to specify the set X ∩ [y + 1 : d]. The sign of injection is
given by (−1)1+σP(y)+indX (y). Note that the mode of the child code is mode (Q) = ∣∣X ∪ Y∣∣.
(III) Primary injection of w-symbols: for every pair (x,X ) such that X 6= ∅, x ∈ [k + 1 : d] \X and x < maxX
(i.e., wx,X∪{x} ∈ G4(P)), we have
Px,X = (−1)σP(x)wx,X∪{x} ±1−−−−−→
[
Q x,X←−−P
]
maxX ,X\{maxX}
= (−1)σQ(maxX )w(x,X ,P)
maxX ,X . (22)
Here, the sign of injected symbol is determined by (−1)1+σP(maxX )+indX (maxX ), and the mode of the child
code is mode (Q) =
∣∣X ∣∣− 1.
(IV) Secondary injection of w-symbols: Similar to the v-symbols, w-symbols will be also re-injected. Each wx,X∪{x}
with X 6= ∅, x ∈ [k + 1 : d] \ X with x < maxX , will be injected as
Px,X = (−1)σP(x)wx,X∪{x} ±1−−−−−→
[
Q x,X[y+1:d]∪Y′←−−−−−−−−−P
]
y,X∪Y
= (−1)σQ(y)w(x,X[y+1:d]∪Y
′,P)
y,X∪Y∪{y} , (23)
for every y ∈ X and (Y,Y ′) that partition X[k+1:y−1]. Moreover, such a secondary injection will be performed
only if x ≤ maxX[y+1:d] ∪ Y ′. The sign of injection is given by (−1)1+σP(y)+indX (y), and the sign of the
child code is given by mode (Q) =
∣∣X ∪ Y∣∣.
Remark 6. Note that each symbol vx,X ∈ G3(P) will be injected multiple times, including one primary injection as
specified in (20) and several secondary injections are given in (21). However, each secondary injection is performed
into a different child code, as the injection-pairs
(b,B) = (x,Y ∪ (X ∩ [y + 1 : d]))
are different for distinct pairs of (y,Y), when Y ⊆ X ∩ [k + 1 : y − 1].
The primary injection governed by (20) is an injection into the top k rows of the child code (since the row index
of the child symbol w is y = maxX ∈ [k]), and will be responsible for data recovery. Once such symbols are
injected into a child code, the modified child code will not be a determinant code anymore, and its repair process
will fail. The secondary injections of this symbol are proposed to maintain the repair structure. Note that in the
injections specified in (21) the row index of the host symbol is y ∈ X ⊆ [k + 1 : d], i.e., the injections performed
into the lower (d− k) rows of the child codes.
A similar argument holds for the injection of w-symbols, as the primary injection in (22) is into the top k rows
of the host code message matrix data recovery shows the injection for recovery in order to provide a backup for
data recovery, and the secondary injection in (23) specifies all injections for the repair into the lower (d− k) rows
of various children codes. 
22
It is straightforward to evaluate the number of child codes of mode m introduced for a parent code of mode j.
First note that for a parent code P of mode j, all the child codes are determinant codes of the form Q b,B←−−P, into
which missing symbols of P will be injected. The mode of such child code is given by
m = mode (Q) = mode (P)− |B| − 1 = j − |B| − 1.
In order to count the number of possible injection pairs (b,B)’s we can distinguish two cases. First, if b ∈ B, then
there are
(
d−k
|B|
)
choices of B, and there are |B| choices for b ∈ B. Second, if b /∈ B, then B ∪ {b} is a subset of
[k + 1 : d] of size |B| + 1. Then, there are ( d−k|B|+1) choices for B ∪ {b}, and for each choice, b can be any entry
except the largest one.
Therefore the total number of injection pairs for a parent code of mode j is given by
(j −m− 1)
(
d− k
j −m− 1
)
+ (j −m− 1)
(
d− k
j −m
)
= (j −m− 1)
(
d− k + 1
j −m
)
. (24)
Remark 7. Recall from (20) and (22) that each primary injection will be into a w-symbol in the child code at the
position (maxX ,X \ {maxX}). The number of such w-symbols in a determinant code of mode m is only ( km+1),
since X ⊆ [k] and ∣∣X ∣∣ = m + 1. On the other hand, from (24) we know the number of child codes of mode m
introduced for the primary injections of a parent code P of mode j. Therefore, the total number of w symbols
hosting primary injections of a code of mode j is given by
j−1∑
m=0
(j −m− 1)
(
d− k + 1
j −m
)(
k
m+ 1
)
, (25)
which is exactly the same as |G3(P) ∪ G4(P)|, i.e., the number of symbols to be injected as evaluated in (16). 
Remark 8. Consider a a w-symbol in a child code hosting a symbol from the parent code. In primary injections
of types I and III, such w-symbol is in the top k rows of the message matrix, and does not need protection. In
secondary injections of types II and IV, the w-symbol is positioned in the bottom (d− k) rows. However, for such
symbols we have
indX∪Y∪{y}(y) = m+ 1,
since X ⊆ [k], Y ⊆ X[k+1:y−1] and y ∈ [k + 1 : d]. Hence, such symbol belongs to group G2(Q) of the child code,
and does not need to be injected into a grandchild code. The implication is that a w-symbol in a child code hosting
a symbol from the parent code is never injected into a grandchild code, and therefore injected symbols will not be
carried for multiple hops of injections. Moreover, the specification of injections form a parent code P into a child
code Q does not depend on whether P is already modified by an earlier injection or not, that is,
∆ b,B←−−P = ∆ b,B←−−P.

E. Data Recovery
The main property of the code proposed in this section is its reliability in spite of at most n − k node failures
The following proposition is a formal statement for this property.
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Proposition 4. By accessing any k nodes, the content of the stored data file can be recovered.
The proof of this proposition is presented in Section VIII-A
F. Node Repair
In the following, we discuss the exact repair property by introducing the repair data that a set of helper nodes
H with |H| = d sent in order to repair a failed node f ∈ [n].
The repair process is performed in a recursive manner from top-to-bottom, i.e., from segments of the codeword
of node f with the highest mode to those with the lowest mode.
The repair data sent from a helper node h ∈ H to the failed node f is simply the concatenation of the repair
data to be sent for each code segment. The repair data for each code segment can be obtained by treating each
segment as a ordinary signed determinant code. More precisely, helper node h sends⋃
P is a code segment
{
Ψh ·P ·Ξf,(mode(P))
}
,
where Ψh · P is the codeword segment of node h corresponding to code segment P. In other words, for each
codeword segment, the helper node needs to multiply it by the repair encoder matrix of the proper mode, and send
the collection of all such multiplications to the failed node. Recall from Proposition 3 that the rank of Ξf,(P) for
a code segment of mode m is only β(m) =
(
d−1
m−1
)
. The overall repair bandwidth of the code is evaluated in (41)
in Section VI.
Upon receiving all the repair data
⋃
P
{
Ψh ·P ·Ξf,(mode(P)) : h ∈ H
}
, the failed node stacks the segments
corresponding to each code segment P to obtain
Ψ[H, :] ·P ·Ξf,(mode(P)),
from which, the repair spaces can be retrieved:
Rf (P) = Ψ[H, :]−1 ·Ψ[H, :] ·P ·Ξf,(mode(P)) = P ·Ξf,(mode(P)), ∀ P: code segments .
Note that invertibility of Ψ[H, :] is guaranteed by Condition (E2). Having the repair spaces for all the code segments,
the content of node f can be reconstructed according to the following proposition.
Proposition 5. In the (n, k, d) proposed codes with parameters defined in Section II, for every failed node f ∈ [n]
and set of helpers H ⊆ [n] \ {f} with |H| = d, the content of node f can be exactly regenerated from the
received repair spaces. More precisely. the symbols at position J in a codeword segment corresponding to a code
Q operating at mode m will be repaired through5
[
Ψf ·Q b,B←−−P
]
J
=
∑
x∈J
(−1)σQ(x)+indJ (x)[Rf (Q)]x,J\{x} −
[R
f (P)]b,J∪B if J ∩ B = ∅,
0 otherwise,
(26)
5Note that for a code in Galois field GF(2s) with characteristic 2, the repair equation reduces to
[
Ψf ·Q b,B←−−P
]
J
=∑
x∈J [R
f (Q)]x,J\{x} + [Rf (P)]b,J∪B1{J∩B=∅}
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where P is the parent code of Q.
We refer to Section VIII-B for the proof of this proposition.
VI. CODE PARAMETERS
Consider the construction of an (n, k, d) cascade code at mode µ, described in Section V. Let `m be the number
of (d;m) determinant codes of mode m needed to complete all the injections. The super-message matrix M is
obtained by concatenating all code segments, which results in a matrix with d rows and a total of
∑µ
m=0 `mαm
columns. Therefore, the per-node storage capacity of the resulting code will be
α(d, k;µ) =
µ∑
m=0
`mαm =
µ∑
m=0
`m
(
d
m
)
. (27)
Similarly, the repair bandwidth of the resulting code will be
β(d, k;µ) =
µ∑
m=0
`mβm =
µ∑
m=0
`m
(
d− 1
m− 1
)
. (28)
The total number of data symbols stored in matrix M is the sum of the number of data symbols in each code
segment. A code segment of mode m can store up to Fm = m
(
d+1
m+1
)
symbols. However, recall that data symbols
in group G1 (see Definition 3) will be set to zero, which yields to a reduction in the of symbols. For an (n, d, d;m)
determinant code used a code segment, the reduction due to nulling symbols in G1 is
Nm = |G1| =
∣∣{vx,X : X = ∅}∣∣+ m
m+ 1
∣∣{wx,Y : Y = ∅}∣∣ (29)
= m
(
d− k
m
)
+
m
m+ 1
(m+ 1)
(
d− k
m+ 1
)
(30)
= m
[(
d− k
m
)
+
(
d− k
m+ 1
)]
= m
(
d− k + 1
m+ 1
)
(31)
where the coefficient mm+1 in (29) captures the fact that there are only m data symbols among m+ 1 w-symbols in
each parity group. The number of possible X ’s in (30) is evaluated based on the facts that |X | = m and X ∩[k] = ∅,
which implies X ⊆ [k + 1 : d] and there are (d−km ) choices of X . Moreover, x ∈ X can be any of the m elements
of X . A similar argument is used to compute the size of the second set. Finally, we used Pascal’s identity in (31).
Therefore, we can evaluate the total number of data symbols in the super-message matrix as
F (d, k;µ) =
µ∑
m=0
`m (Fm −Nm) =
µ∑
m=0
`mm
[(
d+ 1
m+ 1
)
−
(
d− k + 1
m+ 1
)]
. (32)
The rest of this section is dedicated to the evaluation of parameters `m’s, the number of code segments of mode
m, in order to fully characterize the parameters of the code.
A. A Recursive Equations for `m Parameters
In this section, we derive a recursive relationship between `m parameters. Next, we will solve the recursive
equation to evaluate code parameters.
We always have one root code with mode µ, i.e., `µ = 1. Let m be an integer in {0, 1, . . . , µ− 1}. In general,
any code of mode j > m needs child codes of mode m. Recall from (24) that the number of child codes of mode
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m required for injection from a parent code of mode j is given by (j −m − 1)(d−k+1j−m ). Moreover, parent codes
do not share children. Therefore, the total number of required child codes of mode m is given by
`m =
µ∑
j=m+1
`j(j −m− 1)
(
d− k + 1
j −m
)
. (33)
This is a reverse (top-to-bottom) recursive equation with starting point `µ = 1, and can be solved to obtain a non-
recursive expression for `m. Note that (33) potentially associates non-zero values to `m’s with m < 0. However,
we are only interested in those for m ∈ {0, 1, · · · , µ− 1}.
B. Evaluation of `m Parameters
Let µ be a fixed non-negative integer. Recall that sequence {`m} is defined in (33) only for m ∈ {0, 1, . . . , µ}.
We first expand the range of m to include all integers, by defining dummy variables {`m : m < 0 or m > µ} such
that
`m =
 1 m = µ,∑µ
j=m+1 `j(j −m− 1)
(
d−k+1
j−m
)
m 6= µ.
(34)
Note that this immediately implies `m = 0 for m > µ. We also define a sequence {pm}∞m=−∞ as pm = `µ−m for
all m ∈ Z. The next proposition provides a non-recursive expression for the sequence {pm}m.
Lemma 1. The parameters in sequence {pm} can be found from
pm =
m∑
t=0
(−1)t(d− k)m−t
(
d− k + t− 1
t
)
,
for 0 ≤ m ≤ µ.
We refer to Appendix C-B for the proof of Lemma 1.
It is clear that we can immediately find a non-recursive expression for `m using the fact that `m = pµ−m.
However, it turns out that such a conversion is not helpful, and we can continue with sequence pm.
C. Evaluations of the Code Parameters (α, β, F )
In this section we show that the code parameters obtained in (27), (28), and (32) are equal to the those proposed
in Theorem 1. The following lemma will be helpful to simplify the derivation.
Lemma 2. For integer numbers a, b ∈ Z, we have
∞∑
m=−∞
`m
(
d+ a
m+ b
)
=
µ∑
m=−b
(d− k)µ−m
(
k + a
m+ b
)
. (35)
The proof of this lemma can be found in Appendix C-C.
Now, we are ready to evaluate the code parameters using Lemma 2.
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• Node storage size:
α(d, k;µ) =
µ∑
m=0
`mαm =
µ∑
m=0
`m
(
d
m
)
=
µ∑
m=0
pm−µ
(
d
m
)
(36)
=
∞∑
m=−∞
pm−µ
(
d
m
)
(37)
=
µ∑
m=0
(d− k)µ−m
(
k
m
)
. (38)
Note that in (37) we used the fact that the summand is zero for m < 0 since
(
d
m
)
= 0, and for m > µ we
have pm−µ = 0, and (38) follows from Lemma 2 for a = b = 0.
• Repair bandwidth:
β(d, k;µ) =
µ∑
m=0
`mβm =
µ∑
m=0
`m
(
d− 1
m− 1
)
=
µ∑
m=0
pm−µ
(
d− 1
m− 1
)
(39)
=
∞∑
m=−∞
pm−µ
(
d− 1
m− 1
)
(40)
=
µ∑
m=1
(d− k)µ−m
(
k − 1
m− 1
)
(41)
=
µ∑
m=0
(d− k)µ−m
(
k − 1
m− 1
)
. (42)
Here the steps are similar to (37), and (41) is due to Lemma 2 for a = b = −1.
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• File size:
F (d, k;µ) =
µ∑
m=0
m`m
[(
d+ 1
m+ 1
)
−
(
d− k + 1
m+ 1
)]
=
∞∑
m=−∞
`m
[
m
(
d+ 1
m+ 1
)
−m
(
d− k + 1
m+ 1
)]
(43)
=
∞∑
m=−∞
pµ−m
[
(m+ 1)
(
d+ 1
m+ 1
)
−
(
d+ 1
m+ 1
)
− (m+ 1)
(
d− k + 1
m+ 1
)
+
(
d− k + 1
m+ 1
)]
(44)
=
∞∑
m=−∞
pµ−m
[
(d+ 1)
(
d
m
)
−
(
d+ 1
m+ 1
)
− (d− k + 1)
(
d− k
m
)
+
(
d− k + 1
m+ 1
)]
= (d+ 1)
µ∑
m=0
(d− k)µ−m
(
k
m
)
−
µ∑
m=−1
(d− k)µ−m
(
k + 1
m+ 1
)
− (d− k + 1)
µ∑
m=0
(d− k)µ−m
(
k − k
m
)
+
µ∑
m=−1
(d− k)µ−m
(
k − k + 1
m+ 1
)
(45)
= (d+ 1)
µ∑
m=0
(d− k)µ−m
(
k
m
)
−
µ∑
m=−1
(d− k)µ−m
(
k + 1
m+ 1
)
− [(d− k + 1)(d− k)µ] + [(d− k)µ+1 + (d− k)µ] (46)
= (d+ 1)
µ∑
m=0
(d− k)µ−m
(
k
m
)
−
µ∑
m=−1
(d− k)µ−m
(
k
m
)
−
µ∑
m=−1
(d− k)µ−m
(
k
m+ 1
)
= d
µ∑
m=0
(d− k)µ−m
(
k
m
)
−
µ+1∑
m=0
(d− k)µ+1−m
(
k
m
)
(47)
=
µ∑
m=0
k(d− k)µ−m
(
k
m
)
−
(
k
µ+ 1
)
.
Note that (43) holds since `m = 0 for m > µ and
[(
d+1
m+1
)− (d−k+1m+1 )] = 0 for m < 0, in (44) we used
`m = pµ−m and some combinatorial manipulation to expand the coefficient, and (45) follows from four times
evaluation of Lemma 2 for (a, b) = (0, 0), (a, b) = (1, 1), (a, b) = (−k, 0), and (a, b) = (−k + 1, 1). The
equality in (46) holds since the terms in the third summation in (45) are zero except for m = 0, and similarly
the terms in the forth summation are zero except for m = −1, 0. Finally, the second summation in (47) is
absorbed in the first summation by noting that
(
k
−1
)
= 0, and the third summation is rewritten after a change
of variable.
VII. AN ILLUSTRATIVE EXAMPLE
This section is dedicated to constructing an example of the proposed codes, and showing its fundamental
properties. We believe reviewing this example can be very helpful to follow the rather heavy notation used in
the paper. We will demonstrate all the ingredients of our construction, including encode matrix, code signature,
concatenation of code segments, the grouping of the symbols in the lower (d−k) rows, and primary and secondary
injection of v and w symbols. Then we also discuss the steps of sequential (recursive) data recovery and node
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repair throughout this example. This example also facilitates following the formal proofs of code properties in
Section VIII.
Consider an (n, k = 4, d = 6;µ = 4) code with parameters (α, β, F ) = (81, 27, 324), as indicated by (3). Note
that a code with parameters (α, β, F ) = (81, 27, 324) is indeed an MSR code since F = kα and β = α/(d−k+1),
for which several code constructions are known (e.g. [27]–[32]). However, while existing codes can be constructed
for a given n (the number of nodes in the system) and node contents and parameters of the codes are functions of
n, in our construction n is an arbitrary integer number, that only affects the field size (we need field size greater
than n). Nevertheless, this example is rich enough to demonstrate the techniques needed for the code construction
as well as the formal proofs.
The first ingredient is an n × d encoder matrix with the properties in Definition 2. For the sake of illustration,
we choose n = 9 here, but the generalization6 of this encoder matrix to any integer n > d = 6 is straightforward.
We pick a Vandermonde matrix of size n × d = 9 × 6. The underlying finite field should have at least n distinct
elements. So, we pick F13, and all the arithmetic operations below are performed in modulus 13.
Ψ9×6 =

Ψ1
Ψ2
Ψ3
Ψ4
Ψ5
Ψ6
Ψ7
Ψ8
Ψ9

=

ψ1,1 ψ1,2 ψ1,3 ψ1,4 ψ1,5 ψ1,6
ψ2,1 ψ2,2 ψ2,3 ψ2,4 ψ2,5 ψ2,6
ψ3,1 ψ3,2 ψ3,3 ψ3,4 ψ3,5 ψ3,6
ψ4,1 ψ4,2 ψ4,3 ψ4,4 ψ4,5 ψ4,6
ψ5,1 ψ5,2 ψ5,3 ψ5,4 ψ5,5 ψ5,6
ψ6,1 ψ6,2 ψ6,3 ψ6,4 ψ6,5 ψ6,6
ψ7,1 ψ7,2 ψ7,3 ψ7,4 ψ7,5 ψ7,6
ψ8,1 ψ8,2 ψ8,3 ψ8,4 ψ8,5 ψ8,6
ψ9,1 ψ9,2 ψ9,3 ψ9,4 ψ9,5 ψ9,6

=

1 1 1 1 1 1
1 2 4 8 3 6
1 3 9 1 3 9
1 4 3 12 9 10
1 5 12 8 1 5
1 6 10 8 9 2
1 7 10 5 9 11
1 8 12 5 1 8
1 9 3 1 9 3

(mod 13).
In order to design the super-message matrix M, we start with an (n, k = 6, d = 6;m = 4). Throughout the
construction, we will introduce child codes for each code segment until we complete all the injections, and provide
a backup copy for every symbol in groups of G3∪G4 of each segment message matrix. This leads to a concatenation
of multiple signed determinant codes with various modes. The number of code segments at each mode can be found
from (33), that is (`4, `3, `2, `1, `0) = (1, 0, 3, 2, 9). Therefore, the resulting super-message matrix code M can be
obtained from cascading a total of
∑µ
m=0 `m = 15 code segments. For the sake of illustration we denote these
code segments by T0,T1, . . . ,T14, that is,
M =
[
T0 T1 · · · T14
]
, (48)
in which code segment Ti is the modified message matrix (after injection) of an (n, d, d;mi) signed determinant
code with mode mi = mode (Ti), where
(m0,m1, . . . ,m14) = (4, 2, 2, 2, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0).
6It is worth mentioning that the value of n only affects the choice of the encoder matrix, and all other steps of the construction remain
invariant if n increases.
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m = 0
m = 1
m = 2
m = 4
m = 3
(5, {5})
(5, {5, 6}) (6, {5, 6})
(6, {6})
(5, {6})
(5, {6})
(6, {6})
(5, {5}) (5, {6})
(6, {6})
(5, {5})(5, {6})
(6, {6})
(5, {5})
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Fig. 4. The hierarchical tree for an (n, k = 4, d = 6;µ = 4) code. Each level on the tree shows codes with the same mode. The injection
from the parent codes to child codes are shown by arrows, labeled by the corresponding injection pair.
We also use superscript 〈i〉 to distinguish the data symbols of the code segment Ti. The hierarchy of parents/children
codes and symbol injection is shown in Fig. 4.
The first code segment is a (d = 6;m = 4) signed determinant code, with message matrix T0 and signature
σT0(x) = 0 for every x ∈ [d], i.e., σT0 = (0, 0, 0, 0, 0, 0). Note that no injection takes place into T0, and hence,
we have T0 = T0, i.e., T0 is a purely signed determinant message matrix of mode m0 = 4. The size of this matrix
is d× αm0 = d×
(
d
m0
)
= 6× (64) = 6× 15. This matrix is given in (49).
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<latexit sha1_base64="eUuItrtHkD DbrFjoPHGGXGaoXaY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqbTubVGt6Q18CKtI1TLOjyJ XZ6rRNaBRWDRToT6qfthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFA hJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDS ME0lCvFruJwzKCOadQI9ygiVbKIIwp+p+iGeIIyxVcxVVzPfv4f9k2GwYesO4b dd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXwtL mJI=</latexit><latexit sha1_base64="eUuItrtHkD DbrFjoPHGGXGaoXaY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqbTubVGt6Q18CKtI1TLOjyJ XZ6rRNaBRWDRToT6qfthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFA hJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDS ME0lCvFruJwzKCOadQI9ygiVbKIIwp+p+iGeIIyxVcxVVzPfv4f9k2GwYesO4b dd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXwtL mJI=</latexit><latexit sha1_base64="eUuItrtHkD DbrFjoPHGGXGaoXaY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqbTubVGt6Q18CKtI1TLOjyJ XZ6rRNaBRWDRToT6qfthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFA hJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDS ME0lCvFruJwzKCOadQI9ygiVbKIIwp+p+iGeIIyxVcxVVzPfv4f9k2GwYesO4b dd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXwtL mJI=</latexit><latexit sha1_base64="eUuItrtHkD DbrFjoPHGGXGaoXaY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqbTubVGt6Q18CKtI1TLOjyJ XZ6rRNaBRWDRToT6qfthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFA hJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDS ME0lCvFruJwzKCOadQI9ygiVbKIIwp+p+iGeIIyxVcxVVzPfv4f9k2GwYesO4b dd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXwtL mJI=</latexit>
{1, 2, 3, 5}
<latexit sha1_base64="4IoK54MQ6+ wZjy9/ZCsxUQaz3mI=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16s96qX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUM 5ZiT</latexit><latexit sha1_base64="4IoK54MQ6+ wZjy9/ZCsxUQaz3mI=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16s96qX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUM 5ZiT</latexit><latexit sha1_base64="4IoK54MQ6+ wZjy9/ZCsxUQaz3mI=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16s96qX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUM 5ZiT</latexit><latexit sha1_base64="4IoK54MQ6+ wZjy9/ZCsxUQaz3mI=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16s96qX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUM 5ZiT</latexit>
{1, 2, 3, 6}
<latexit sha1_base64="7ekNKW8PGy skbfbTg93Y9/k3qMY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqpp1NqjW9oS8BFekaptlR5M psddomNAqrBgr0J9VP24twEpBQYoaEsAw9lk6KuKSYkaxiJ4LECM/RlFiKhigg wkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91Uhr GiSQhXi33EwZlBPNOoEc5wZItFEGYU3U/xDPEEZaquYoq5vv38H8ybDYMvWHct mu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3Lw5/ mJQ=</latexit><latexit sha1_base64="7ekNKW8PGy skbfbTg93Y9/k3qMY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqpp1NqjW9oS8BFekaptlR5M psddomNAqrBgr0J9VP24twEpBQYoaEsAw9lk6KuKSYkaxiJ4LECM/RlFiKhigg wkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91Uhr GiSQhXi33EwZlBPNOoEc5wZItFEGYU3U/xDPEEZaquYoq5vv38H8ybDYMvWHct mu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3Lw5/ mJQ=</latexit><latexit sha1_base64="7ekNKW8PGy skbfbTg93Y9/k3qMY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqpp1NqjW9oS8BFekaptlR5M psddomNAqrBgr0J9VP24twEpBQYoaEsAw9lk6KuKSYkaxiJ4LECM/RlFiKhigg wkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91Uhr GiSQhXi33EwZlBPNOoEc5wZItFEGYU3U/xDPEEZaquYoq5vv38H8ybDYMvWHct mu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3Lw5/ mJQ=</latexit><latexit sha1_base64="7ekNKW8PGy skbfbTg93Y9/k3qMY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrSlrTuCm 5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZF VLXP7TSxubW9k55t7K3f3B4VD0+GYoo4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5G RO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6PerLfqpp1NqjW9oS8BFekaptlR5M psddomNAqrBgr0J9VP24twEpBQYoaEsAw9lk6KuKSYkaxiJ4LECM/RlFiKhigg wkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91Uhr GiSQhXi33EwZlBPNOoEc5wZItFEGYU3U/xDPEEZaquYoq5vv38H8ybDYMvWHct mu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3Lw5/ mJQ=</latexit>
{1, 2, 4, 5}
<latexit sha1_base64="hjjNC74N3Ng22W5GjClNakoTyNI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1lv1SzsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAOgZiU</latexit><latexit sha1_base64="hjjNC74N3Ng22W5GjClNakoTyNI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1lv1SzsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAOgZiU</latexit><latexit sha1_base64="hjjNC74N3Ng22W5GjClNakoTyNI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1lv1SzsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAOgZiU</latexit><latexit sha1_base64="hjjNC74N3Ng22W5GjClNakoTyNI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1lv1SzsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAOgZiU</latexit>
{1, 2, 4, 6}
<latexit sha1_base64="E3EHuVPHXZVgYQLShQtg6wj1C5E=">AAACBnicdVD LSsNAFJ34rPVVdelmsAguSklqSeuu4MZlBfuAJpTJZNIOnUzCzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48WMSmWaH8ba+sbm1nZpp7y7t39wWDk67sso EZj0cMQiMfSQJIxy0lNUMTKMBUGhx8jAm13n/uCeCEkjfqfmMXFDNOE0oBgpLY2c1Ko1as2a7WTjStWsmwtATdqWbbc0ubIvW00bWoVVBQW648qn40c4CQlXmCEpR 5YZKzdFQlHMSFZ2EklihGdoQkaachQS6aaLkzN4rhUfBpHQjyu4UH9OpCiUch56OhkiNZUrni/zoex3Pg/+lR8lKmi7KeVxogjHy+VBwqCKYN4J9KkgWLG5JggLqu +HeIoEwko3V9bFfP8e/k/6jbpl1q3bZrXTKCoqgVNwBi6ABVqgA25AF/QABhF4BE/g2XgwXoxX420ZXTOKmROwAuP9CxAbmJU=</latexit><latexit sha1_base64="E3EHuVPHXZVgYQLShQtg6wj1C5E=">AAACBnicdVD LSsNAFJ34rPVVdelmsAguSklqSeuu4MZlBfuAJpTJZNIOnUzCzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48WMSmWaH8ba+sbm1nZpp7y7t39wWDk67sso EZj0cMQiMfSQJIxy0lNUMTKMBUGhx8jAm13n/uCeCEkjfqfmMXFDNOE0oBgpLY2c1Ko1as2a7WTjStWsmwtATdqWbbc0ubIvW00bWoVVBQW648qn40c4CQlXmCEpR 5YZKzdFQlHMSFZ2EklihGdoQkaachQS6aaLkzN4rhUfBpHQjyu4UH9OpCiUch56OhkiNZUrni/zoex3Pg/+lR8lKmi7KeVxogjHy+VBwqCKYN4J9KkgWLG5JggLqu +HeIoEwko3V9bFfP8e/k/6jbpl1q3bZrXTKCoqgVNwBi6ABVqgA25AF/QABhF4BE/g2XgwXoxX420ZXTOKmROwAuP9CxAbmJU=</latexit><latexit sha1_base64="E3EHuVPHXZVgYQLShQtg6wj1C5E=">AAACBnicdVD LSsNAFJ34rPVVdelmsAguSklqSeuu4MZlBfuAJpTJZNIOnUzCzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48WMSmWaH8ba+sbm1nZpp7y7t39wWDk67sso EZj0cMQiMfSQJIxy0lNUMTKMBUGhx8jAm13n/uCeCEkjfqfmMXFDNOE0oBgpLY2c1Ko1as2a7WTjStWsmwtATdqWbbc0ubIvW00bWoVVBQW648qn40c4CQlXmCEpR 5YZKzdFQlHMSFZ2EklihGdoQkaachQS6aaLkzN4rhUfBpHQjyu4UH9OpCiUch56OhkiNZUrni/zoex3Pg/+lR8lKmi7KeVxogjHy+VBwqCKYN4J9KkgWLG5JggLqu +HeIoEwko3V9bFfP8e/k/6jbpl1q3bZrXTKCoqgVNwBi6ABVqgA25AF/QABhF4BE/g2XgwXoxX420ZXTOKmROwAuP9CxAbmJU=</latexit><latexit sha1_base64="E3EHuVPHXZVgYQLShQtg6wj1C5E=">AAACBnicdVD LSsNAFJ34rPVVdelmsAguSklqSeuu4MZlBfuAJpTJZNIOnUzCzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48WMSmWaH8ba+sbm1nZpp7y7t39wWDk67sso EZj0cMQiMfSQJIxy0lNUMTKMBUGhx8jAm13n/uCeCEkjfqfmMXFDNOE0oBgpLY2c1Ko1as2a7WTjStWsmwtATdqWbbc0ubIvW00bWoVVBQW648qn40c4CQlXmCEpR 5YZKzdFQlHMSFZ2EklihGdoQkaachQS6aaLkzN4rhUfBpHQjyu4UH9OpCiUch56OhkiNZUrni/zoex3Pg/+lR8lKmi7KeVxogjHy+VBwqCKYN4J9KkgWLG5JggLqu +HeIoEwko3V9bFfP8e/k/6jbpl1q3bZrXTKCoqgVNwBi6ABVqgA25AF/QABhF4BE/g2XgwXoxX420ZXTOKmROwAuP9CxAbmJU=</latexit>
{1, 2, 5, 6}
<latexit sha1_base64="od1E3Bs1U+ Nwa3DfsLOge5HFrqk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUpSa1p3BT cuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMC qnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSUcEz6OGIRH7lIEEZD0pdUMjKKOUGBy8j QnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1i/rpp2NqzW9oS8AFekYptlW5M q8aLdMaBRWDRTojaufthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFA hJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDS ME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+p+iKeIIyxVcxVVzPfv4f9k0GwYesO4b dW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxG3 mJY=</latexit><latexit sha1_base64="od1E3Bs1U+ Nwa3DfsLOge5HFrqk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUpSa1p3BT cuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMC qnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSUcEz6OGIRH7lIEEZD0pdUMjKKOUGBy8j QnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1i/rpp2NqzW9oS8AFekYptlW5M q8aLdMaBRWDRTojaufthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFA hJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDS ME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+p+iKeIIyxVcxVVzPfv4f9k0GwYesO4b dW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxG3 mJY=</latexit><latexit sha1_base64="od1E3Bs1U+ Nwa3DfsLOge5HFrqk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUpSa1p3BT cuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMC qnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSUcEz6OGIRH7lIEEZD0pdUMjKKOUGBy8j QnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1i/rpp2NqzW9oS8AFekYptlW5M q8aLdMaBRWDRTojaufthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFA hJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDS ME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+p+iKeIIyxVcxVVzPfv4f9k0GwYesO4b dW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxG3 mJY=</latexit><latexit sha1_base64="od1E3Bs1U+ Nwa3DfsLOge5HFrqk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUpSa1p3BT cuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMC qnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSUcEz6OGIRH7lIEEZD0pdUMjKKOUGBy8j QnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1i/rpp2NqzW9oS8AFekYptlW5M q8aLdMaBRWDRTojaufthfhJCChxAwJYRl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFA hJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDS ME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+p+iKeIIyxVcxVVzPfv4f9k0GwYesO4b dW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxG3 mJY=</latexit>
{1, 3, 4, 5}
<latexit sha1_base64="oOx7NXAN19 gXjVr56poo3AbgLOk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q96uX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUQ H5iV</latexit><latexit sha1_base64="oOx7NXAN19 gXjVr56poo3AbgLOk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q96uX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUQ H5iV</latexit><latexit sha1_base64="oOx7NXAN19 gXjVr56poo3AbgLOk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q96uX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUQ H5iV</latexit><latexit sha1_base64="oOx7NXAN19 gXjVr56poo3AbgLOk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q96uX9jZuFrTG/oCUJGuYZodRS 7NVqdtQqOwaqBAf1z9tL0IJwEJJWZICMvQY+mkiEuKGckqdiJIjPAMTYilaIgC Ipx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6V hnEgS4uVyP2FQRjDvBHqUEyzZXBGEOVX3QzxFHGGpmquoYr5/D/8nd82GoTeMm 3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUQ H5iV</latexit>
{1, 3, 4, 6}
<latexit sha1_base64="37iEVa9xyZvV3KANDAeEMEWPcso=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6Peqrfrpp1NqjW9oS8BFekaptlR5MpsddomNAqrBgr0J9VP24twEpBQYoaEs Aw9lk6KuKSYkaxiJ4LECM/RlFiKhiggwkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91UhrGiSQhXi33EwZlBPNOoEc5wZItFEGYU3 U/xDPEEZaquYoq5vv38H8ybDYMvWHctmu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3LxG5mJY=</latexit><latexit sha1_base64="37iEVa9xyZvV3KANDAeEMEWPcso=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6Peqrfrpp1NqjW9oS8BFekaptlR5MpsddomNAqrBgr0J9VP24twEpBQYoaEs Aw9lk6KuKSYkaxiJ4LECM/RlFiKhiggwkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91UhrGiSQhXi33EwZlBPNOoEc5wZItFEGYU3 U/xDPEEZaquYoq5vv38H8ybDYMvWHctmu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3LxG5mJY=</latexit><latexit sha1_base64="37iEVa9xyZvV3KANDAeEMEWPcso=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6Peqrfrpp1NqjW9oS8BFekaptlR5MpsddomNAqrBgr0J9VP24twEpBQYoaEs Aw9lk6KuKSYkaxiJ4LECM/RlFiKhiggwkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91UhrGiSQhXi33EwZlBPNOoEc5wZItFEGYU3 U/xDPEEZaquYoq5vv38H8ybDYMvWHctmu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3LxG5mJY=</latexit><latexit sha1_base64="37iEVa9xyZvV3KANDAeEMEWPcso=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmyU6Peqrfrpp1NqjW9oS8BFekaptlR5MpsddomNAqrBgr0J9VP24twEpBQYoaEs Aw9lk6KuKSYkaxiJ4LECM/RlFiKhiggwkmXJ2fwQike9COuXijhUv05kaJAiEXgqmSA5EyseZ7Ih7Lf+Tz4V95KpN91UhrGiSQhXi33EwZlBPNOoEc5wZItFEGYU3 U/xDPEEZaquYoq5vv38H8ybDYMvWHctmu9ZlFRGZyBc3AJDNABPXAD+mAAMIjAI3gCz9qD9qK9am+raEkrZk7BGrT3LxG5mJY=</latexit>
{1, 3, 5, 6}
<latexit sha1_base64="MdsaVm0oBJSMtqG9nV1BjpTkxfM=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q35RN+1sXK3pDX0BqEjXMM2OIpdmq9M2oVFYNVCgP65+2l6Ek4CEEjMkh GXosXRSxCXFjGQVOxEkRniGJsRSNEQBEU66ODmDZ0rxoB9x9UIJF+rPiRQFQswDVyUDJKdixfNEPpT9zufBv/JWIv2uk9IwTiQJ8XK5nzAoI5h3Aj3KCZZsrgjCnK r7IZ4ijrBUzVVUMd+/h/+Tu2bD0BvGTbvWaxYVlcEJOAXnwAAd0APXoA8GAIMIPIIn8Kw9aC/aq/a2jJa0YuYYrEB7/wITVZiX</latexit><latexit sha1_base64="MdsaVm0oBJSMtqG9nV1BjpTkxfM=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q35RN+1sXK3pDX0BqEjXMM2OIpdmq9M2oVFYNVCgP65+2l6Ek4CEEjMkh GXosXRSxCXFjGQVOxEkRniGJsRSNEQBEU66ODmDZ0rxoB9x9UIJF+rPiRQFQswDVyUDJKdixfNEPpT9zufBv/JWIv2uk9IwTiQJ8XK5nzAoI5h3Aj3KCZZsrgjCnK r7IZ4ijrBUzVVUMd+/h/+Tu2bD0BvGTbvWaxYVlcEJOAXnwAAd0APXoA8GAIMIPIIn8Kw9aC/aq/a2jJa0YuYYrEB7/wITVZiX</latexit><latexit sha1_base64="MdsaVm0oBJSMtqG9nV1BjpTkxfM=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q35RN+1sXK3pDX0BqEjXMM2OIpdmq9M2oVFYNVCgP65+2l6Ek4CEEjMkh GXosXRSxCXFjGQVOxEkRniGJsRSNEQBEU66ODmDZ0rxoB9x9UIJF+rPiRQFQswDVyUDJKdixfNEPpT9zufBv/JWIv2uk9IwTiQJ8XK5nzAoI5h3Aj3KCZZsrgjCnK r7IZ4ijrBUzVVUMd+/h/+Tu2bD0BvGTbvWaxYVlcEJOAXnwAAd0APXoA8GAIMIPIIn8Kw9aC/aq/a2jJa0YuYYrEB7/wITVZiX</latexit><latexit sha1_base64="MdsaVm0oBJSMtqG9nV1BjpTkxfM=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTo16q35RN+1sXK3pDX0BqEjXMM2OIpdmq9M2oVFYNVCgP65+2l6Ek4CEEjMkh GXosXRSxCXFjGQVOxEkRniGJsRSNEQBEU66ODmDZ0rxoB9x9UIJF+rPiRQFQswDVyUDJKdixfNEPpT9zufBv/JWIv2uk9IwTiQJ8XK5nzAoI5h3Aj3KCZZsrgjCnK r7IZ4ijrBUzVVUMd+/h/+Tu2bD0BvGTbvWaxYVlcEJOAXnwAAd0APXoA8GAIMIPIIn8Kw9aC/aq/a2jJa0YuYYrEB7/wITVZiX</latexit>
{1, 4, 5, 6}
<latexit sha1_base64="r5I/z6/vPadlzGem2hI7xEMuyWc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1S/rpp2NqzW9oS8AFekYptlW5Mq8aLdMaBRWDRTojaufthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFAhJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDSME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+ p+iKeIIyxVcxVVzPfv4f9k0GwYesO4bdW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxTzmJg=</latexit><latexit sha1_base64="r5I/z6/vPadlzGem2hI7xEMuyWc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1S/rpp2NqzW9oS8AFekYptlW5Mq8aLdMaBRWDRTojaufthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFAhJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDSME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+ p+iKeIIyxVcxVVzPfv4f9k0GwYesO4bdW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxTzmJg=</latexit><latexit sha1_base64="r5I/z6/vPadlzGem2hI7xEMuyWc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1S/rpp2NqzW9oS8AFekYptlW5Mq8aLdMaBRWDRTojaufthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFAhJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDSME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+ p+iKeIIyxVcxVVzPfv4f9k0GwYesO4bdW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxTzmJg=</latexit><latexit sha1_base64="r5I/z6/vPadlzGem2hI7xEMuyWc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZqVFv1S/rpp2NqzW9oS8AFekYptlW5Mq8aLdMaBRWDRTojaufthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6hCbEUDVFAhJMuTs7gmVI86EdcvVDChfpzIkWBEPPAVckAyalY8TyRD2W/83nwr7yVSL/jpDSME0lCvFzuJwzKCOadQI9ygiWbK4Iwp+ p+iKeIIyxVcxVVzPfv4f9k0GwYesO4bdW6zaKiMjgBp+AcGKANuuAG9EAfYBCBR/AEnrUH7UV71d6W0ZJWzByDFWjvXxTzmJg=</latexit>
{2, 3, 4, 5}
<latexit sha1_base64="t5NOPr6L9d o1hUryCCtLJK2bxyY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vr1dv7CzcbWmN/QFoCJdwzQ7il yarU7bhEZh1UCB/rj6aXsRTgISSsyQEJahx9JJEZcUM5JV7ESQGOEZmhBL0RAF RDjp4uQMninFg37E1QslXKg/J1IUCDEPXJUMkJyKFc8T+VD2O58H/8pbifS7Tkr DOJEkxMvlfsKgjGDeCfQoJ1iyuSIIc6ruh3iKOMJSNVdRxXz/Hv5P7poNQ28YN +1ar1lUVAYn4BScAwN0QA9cgz4YAAwi8AiewLP2oL1or9rbMlrSipljsALt/QsR v5iW</latexit><latexit sha1_base64="t5NOPr6L9d o1hUryCCtLJK2bxyY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vr1dv7CzcbWmN/QFoCJdwzQ7il yarU7bhEZh1UCB/rj6aXsRTgISSsyQEJahx9JJEZcUM5JV7ESQGOEZmhBL0RAF RDjp4uQMninFg37E1QslXKg/J1IUCDEPXJUMkJyKFc8T+VD2O58H/8pbifS7Tkr DOJEkxMvlfsKgjGDeCfQoJ1iyuSIIc6ruh3iKOMJSNVdRxXz/Hv5P7poNQ28YN +1ar1lUVAYn4BScAwN0QA9cgz4YAAwi8AiewLP2oL1or9rbMlrSipljsALt/QsR v5iW</latexit><latexit sha1_base64="t5NOPr6L9d o1hUryCCtLJK2bxyY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vr1dv7CzcbWmN/QFoCJdwzQ7il yarU7bhEZh1UCB/rj6aXsRTgISSsyQEJahx9JJEZcUM5JV7ESQGOEZmhBL0RAF RDjp4uQMninFg37E1QslXKg/J1IUCDEPXJUMkJyKFc8T+VD2O58H/8pbifS7Tkr DOJEkxMvlfsKgjGDeCfQoJ1iyuSIIc6ruh3iKOMJSNVdRxXz/Hv5P7poNQ28YN +1ar1lUVAYn4BScAwN0QA9cgz4YAAwi8AiewLP2oL1or9rbMlrSipljsALt/QsR v5iW</latexit><latexit sha1_base64="t5NOPr6L9d o1hUryCCtLJK2bxyY=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwUUrS1rTuCm 5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszK qSuf2iltfWNza3ydmVnd2//oHp4dCeihGMywBGL+MhFgjAakoGkkpFRzAkKXEa G7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vr1dv7CzcbWmN/QFoCJdwzQ7il yarU7bhEZh1UCB/rj6aXsRTgISSsyQEJahx9JJEZcUM5JV7ESQGOEZmhBL0RAF RDjp4uQMninFg37E1QslXKg/J1IUCDEPXJUMkJyKFc8T+VD2O58H/8pbifS7Tkr DOJEkxMvlfsKgjGDeCfQoJ1iyuSIIc6ruh3iKOMJSNVdRxXz/Hv5P7poNQ28YN +1ar1lUVAYn4BScAwN0QA9cgz4YAAwi8AiewLP2oL1or9rbMlrSipljsALt/QsR v5iW</latexit>
{2, 3, 4, 6}
<latexit sha1_base64="HRnX9OPDymZ98jQGwCcePVlmqMw=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmy02a9VW/XTTubVGt6Q18CKtI1TLOjyJXZ6rRNaBRWDRToT6qfthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFAhJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDSME0lCvFruJwzKCOadQI9ygiVbKIIwp+ p+iGeIIyxVcxVVzPfv4f9k2GwYesO4bdd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXxNZmJc=</latexit><latexit sha1_base64="HRnX9OPDymZ98jQGwCcePVlmqMw=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmy02a9VW/XTTubVGt6Q18CKtI1TLOjyJXZ6rRNaBRWDRToT6qfthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFAhJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDSME0lCvFruJwzKCOadQI9ygiVbKIIwp+ p+iGeIIyxVcxVVzPfv4f9k2GwYesO4bdd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXxNZmJc=</latexit><latexit sha1_base64="HRnX9OPDymZ98jQGwCcePVlmqMw=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmy02a9VW/XTTubVGt6Q18CKtI1TLOjyJXZ6rRNaBRWDRToT6qfthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFAhJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDSME0lCvFruJwzKCOadQI9ygiVbKIIwp+ p+iGeIIyxVcxVVzPfv4f9k2GwYesO4bdd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXxNZmJc=</latexit><latexit sha1_base64="HRnX9OPDymZ98jQGwCcePVlmqMw=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrSlrTuCm5cVrAPSEKZTCbt0MmDmYlQQvb+gFv9A3fi1t/wB/wOJ20EK3pg4HDOudw7x40ZFVLXP7TSxubW9k55t7K3f3B4VD0+GYoo 4ZgMcMQiPnaRIIyGZCCpZGQcc4ICl5GRO7/O/dE94YJG4Z1cxMQJ0DSkPsVIKsmy02a9VW/XTTubVGt6Q18CKtI1TLOjyJXZ6rRNaBRWDRToT6qfthfhJCChxAwJY Rl6LJ0UcUkxI1nFTgSJEZ6jKbEUDVFAhJMuT87ghVI86EdcvVDCpfpzIkWBEIvAVckAyZlY8zyRD2W/83nwr7yVSL/rpDSME0lCvFruJwzKCOadQI9ygiVbKIIwp+ p+iGeIIyxVcxVVzPfv4f9k2GwYesO4bdd6zaKiMjgD5+ASGKADeuAG9MEAYBCBR/AEnrUH7UV71d5W0ZJWzJyCNWjvXxNZmJc=</latexit>
{2, 3, 5, 6}
<latexit sha1_base64="dBwI/HxuuJGIHvvgRuD6A2yHTUc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUU9ZiY</latexit><latexit sha1_base64="dBwI/HxuuJGIHvvgRuD6A2yHTUc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUU9ZiY</latexit><latexit sha1_base64="dBwI/HxuuJGIHvvgRuD6A2yHTUc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUU9ZiY</latexit><latexit sha1_base64="dBwI/HxuuJGIHvvgRuD6A2yHTUc=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTpv1Vv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUU9ZiY</latexit>
{2, 4, 5, 6}
<latexit sha1_base64="+vlwuJUcvQGfcIpKN5cjYMxi/WI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZabPeql/WTTsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAWk5iZ</latexit><latexit sha1_base64="+vlwuJUcvQGfcIpKN5cjYMxi/WI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZabPeql/WTTsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAWk5iZ</latexit><latexit sha1_base64="+vlwuJUcvQGfcIpKN5cjYMxi/WI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZabPeql/WTTsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAWk5iZ</latexit><latexit sha1_base64="+vlwuJUcvQGfcIpKN5cjYMxi/WI=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUpSa1p3BTcuK9gHJKFMJpN26OTBzEQoIXt/wK3+gTtx62/4A36HkzaCFT0wcDjnXO6d48aMCqnrH1ppbX1jc6u8XdnZ3ds/qB4eDUSU cEz6OGIRH7lIEEZD0pdUMjKKOUGBy8jQnV3n/vCecEGj8E7OY+IEaBJSn2IklWTZabPeql/WTTsbV2t6Q18AKtIxTLOtyJV50W6Z0CisGijQG1c/bS/CSUBCiRkSw jL0WDop4pJiRrKKnQgSIzxDE2IpGqKACCddnJzBM6V40I+4eqGEC/XnRIoCIeaBq5IBklOx4nkiH8p+5/PgX3krkX7HSWkYJ5KEeLncTxiUEcw7gR7lBEs2VwRhTt X9EE8RR1iq5iqqmO/fw//JoNkw9IZx26p1m0VFZXACTsE5MEAbdMEN6IE+wCACj+AJPGsP2ov2qr0toyWtmDkGK9DevwAWk5iZ</latexit>
{3, 4, 5, 6}
<latexit sha1_base64="SIYKMdV6288uV92D3zL+CDugKdQ=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTlv1dv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUYM5ia</latexit><latexit sha1_base64="SIYKMdV6288uV92D3zL+CDugKdQ=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTlv1dv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUYM5ia</latexit><latexit sha1_base64="SIYKMdV6288uV92D3zL+CDugKdQ=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTlv1dv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUYM5ia</latexit><latexit sha1_base64="SIYKMdV6288uV92D3zL+CDugKdQ=">AAACBnicdVD LSsNAFJ3UV62vqks3g0VwUUrS1rTuCm5cVrC2kIQymUzaoZMHMxOhhOz9Abf6B+7Erb/hD/gdTtoIVvTAwOGcc7l3jhszKqSuf2iltfWNza3ydmVnd2//oHp4dCei hGMywBGL+MhFgjAakoGkkpFRzAkKXEaG7uwq94f3hAsahbdyHhMnQJOQ+hQjqSTLTlv1dv2ibtrZuFrTG/oCUJGuYZodRS7NVqdtQqOwaqBAf1z9tL0IJwEJJWZIC MvQY+mkiEuKGckqdiJIjPAMTYilaIgCIpx0cXIGz5TiQT/i6oUSLtSfEykKhJgHrkoGSE7FiueJfCj7nc+Df+WtRPpdJ6VhnEgS4uVyP2FQRjDvBHqUEyzZXBGEOV X3QzxFHGGpmquoYr5/D/8nd82GoTeMm3at1ywqKoMTcArOgQE6oAeuQR8MAAYReARP4Fl70F60V+1tGS1pxcwxWIH2/gUYM5ia</latexit>
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6,{1,2,3,4,6} w
h0i
6,{1,2,3,5,6} v
h0i
6,{1,2,3,6} w
h0i
6,{1,2,4,5,6} v
h0i
6,{1,2,4,6} · · ·
· · · vh0i1,{1,2,5,6} vh0i1,{1,3,4,5} vh0i1,{1,3,4,6} vh0i1,{1,3,5,6} vh0i1,{1,4,5,6} · · ·
· · · vh0i2,{1,2,5,6} wh0i2,{1,2,3,4,5} wh0i2,{1,2,3,4,6} wh0i2,{1,2,3,5,6} wh0i2,{1,2,4,5,6} · · ·
· · · wh0i3,{1,2,3,5,6} vh0i3,{1,3,4,5} vh0i3,{1,3,4,6} vh0i3,{1,3,5,6} wh0i3,{1,3,4,5,6} · · ·
· · · wh0i4,{1,2,4,5,6} vh0i4,{1,3,4,5} vh0i4,{1,3,4,6} wh0i4,{1,3,4,5,6} vh0i4,{1,4,5,6} · · ·
· · · vh0i5,{1,2,5,6} vh0i5,{1,3,4,5} wh0i5,{1,3,4,5,6} vh0i5,{1,3,5,6} vh0i5,{1,4,5,6} · · ·
· · · vh0i6,{1,2,5,6} wh0i6,{1,3,4,5,6} vh0i6,{1,3,4,6} vh0i6,{1,3,5,6} vh0i6,{1,4,5,6} · · ·
· · · wh0i1,{1,2,3,4,5} wh0i1,{1,2,3,4,6} wh0i1,{1,2,3,5,6} wh0i1,{1,2,4,5,6} wh0i1,{1,3,4,5,6}
· · · vh0i2,{2,3,4,5} vh0i2,{2,3,4,6} vh0i2,{2,3,5,6} vh0i2,{2,4,5,6} wh0i2,{2,3,4,5,6}
· · · vh0i3,{2,3,4,5} vh0i3,{2,3,4,6} vh0i3,{2,3,5,6} wh0i3,{2,3,4,5,6} vh0i3,{3,4,5,6}
· · · vh0i4,{2,3,4,5} vh0i4,{2,3,4,6} wh0i4,{2,3,4,5,6} vh0i4,{2,4,5,6} vh0i4,{3,4,5,6}
· · · vh0i5,{2,3,4,5} wh0i5,{2,3,4,5,6} vh0i5,{2,3,5,6} vh0i5,{2,4,5,6} vh0i5,{3,4,5,6}
· · · wh0i6,{2,3,4,5,6} vh0i6,{2,3,4,6} vh0i6,{2,3,5,6} vh0i6,{2,4,5,6} vh0i6,{3,4,5,6}
T0 =
<latexit sha 1_base64="(null)">(null )</latexit><latexit sha 1_base64="(null)">(null )</latexit><latexit sha 1_base64="(null)">(null )</latexit><latexit sha 1_base64="(null)">(null )</latexit>
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Note that horizontal line in the matrix separates the top k = 4 rows from the bottom (d − k) = 6 − 4 = 2 rows.
The top 4× 15 sub-matrix is denoted by T0 and the bottom 2× 15 sub-matrix is denoted by T0.
According to Definition 3, the symbols in T0 can be grouped as follows:
G1(T0) = ∅
G2(T0) =
{
w
〈0〉
5,{1,2,3,4,5}, w
〈0〉
6,{1,2,3,4,6}, w
〈0〉
6,{1,2,3,5,6}, w
〈0〉
6,{1,2,4,5,6}, w
〈0〉
6,{1,3,4,5,6}, w
〈0〉
6,{2,3,4,5,6}
}
,
G3(T0) =

v
〈0〉
5,{1,2,3,5}, v
〈0〉
5,{1,2,4,5}, v
〈0〉
5,{1,2,5,6}, v
〈0〉
5,{1,3,4,5}, v
〈0〉
5,{1,3,5,6},
v
〈0〉
5,{1,4,5,6}, v
〈0〉
5,{2,3,4,5}, v
〈0〉
5,{2,3,5,6}, v
〈0〉
5,{2,4,5,6}, v
〈0〉
5,{3,4,5,6},
v
〈0〉
6,{1,2,3,6}, v
〈0〉
6,{1,2,4,6}, v
〈0〉
6,{1,2,5,6}, v
〈0〉
6,{1,3,4,6}, v
〈0〉
6,{1,3,5,6},
v
〈0〉
6,{1,4,5,6}, v
〈0〉
6,{2,3,4,6}, v
〈0〉
6,{2,3,5,6}, v
〈0〉
6,{2,4,5,6}, v
〈0〉
6,{3,4,5,6}

,
G4(T0) =
{
w
〈0〉
5,{1,2,3,5,6}, w
〈0〉
5,{1,2,4,5,6}, w
〈0〉
5,{1,3,4,5,6}, w
〈0〉
5,{2,3,4,5,6}
}
.
Since G1(T0) = ∅, no symbol will be set to zero. Symbols in G2(T0) can be recovered from the parity equations.
For instance, for w〈0〉5,{1,2,3,4,5} ∈ G2(T0), from (7) we have
−w〈0〉1,{1,2,3,4,5} + w〈0〉2,{1,2,3,4,5} − w〈0〉3,{1,2,3,4,5} + w〈0〉4,{1,2,3,4,5} − w〈0〉5,{1,2,3,4,5} = 0,
in which all the symbols except w〈0〉5,{1,2,3,4,5} are located in the top k = 4 rows of the matrix T0.
The symbols in groups G3(T0) and G4(T0) are marked in boxes in (49), to indicate that they need to be injected
into other code segments with lower modes. Moreover, two groups of injections are designated by colored boxes,
namely, symbols in green boxes will be injected into T2 and those in yellow boxes will be injected into T5. The
details of the injection are discussed in the following.
Consider symbol v〈0〉x,X = v
〈0〉
6,{1,2,5,6} ∈ G3(T0) with x = 6 and X = {1, 2, 5, 6}, which implies X = {1, 2} and
X = {5, 6}. According to (20), this symbol is primarily injected into a code of mode m = ∣∣X ∣∣ − 1 = 1, with
injection pair (x,X ) = (6, {5, 6}). The row of the injection will be maxX = max {1, 2} = 2 and its column is
X \ {maxX} = {1, 2} \ {2} = {1}. Finally, the sign of the injection is given by
(−1)1+σT0 (maxX )+indX (maxX ) = (−1)1+0+2 = (−1)3 = −1.
This is formally written as
[T0]x,X = v
〈0〉
6,{1,2,5,6}
×(−1)−−−−−−−−→
[
T5 6,{5,6}←−−−−T0
]
2,{1}
= (−1)σT5 (2)w(6,{5,6},T0)2,{1,2} = (−1)σT5 (2)w〈5〉2,{1,2},
that is, −v〈0〉6,{1,2,5,6} will be added to the symbol at position (2, {1}) of the child code. This child code is originally
a signed determinant code denoted by T5 6,{5,6}←−−−−T0 , into which (some of) the symbols of T0 will be injected. Note
that
T5 = T5 6,{5,6}←−−−−T0
is message matrix for a signed determinant code of mode 1 with the injection pair (6, {5, 6}), and hence has(
d
m
)
=
(
6
1
)
= 6 columns, and its columns are labeled with subsets of {1, 2, 3, 4, 5, 6} of size 1. As a short-hand
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notation, we denote this message matrix before injection by T5 and after injection by T5, as indicated in Fig. 4.
Then we have T5 = T5 + ∆ 6,{5,6}←−−−−T0 . The signature of this child code can be found from (17) as
σT5 = (2, 2, 2, 2, 2, 3). (50)
In summary, the primary injection of this symbol is given by
[T5]2,{1} = w
〈5〉
2,{1,2} − v〈0〉6,{1,2,5,6}.
The complete form of matrices T5 6,{5,6}←−−−−T0 and ∆ 6,{5,6}←−−−−T0 are given in (51) and (52).
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<latexit sha1_base64="cuf1e LvbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh6 9BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRd fwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cd FaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ 9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ 5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn8 0Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l +ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU 8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit><latexit sha1_base64="cuf1e LvbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh6 9BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRd fwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cd FaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ 9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ 5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn8 0Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l +ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU 8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit><latexit sha1_base64="cuf1e LvbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh6 9BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRd fwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cd FaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ 9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ 5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn8 0Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l +ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU 8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit>
6
<latexit sha1_base64="eqHWr EusaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks 3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+I P+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/Kxycd lWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK /RiPBIsYwdpIreqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZo DsufgzAhWUyFJhwr1XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4 tA5vDBKCKNEmic0XKg/EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZ zqq+zMm0kxTQZbLo4xDncC8CRgySYnmU0MwkczcD8kYS0y06atki vn+PfyfdFzbQbbT8ioNd1VREZyBc3AJHFADDXALmqANCKDgETyBZ+ vBerFerbeltWCtMqdgDdb7FyHFlWk=</latexit><latexit sha1_base64="eqHWr EusaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks 3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+I P+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/Kxycd lWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK /RiPBIsYwdpIreqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZo DsufgzAhWUyFJhwr1XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4 tA5vDBKCKNEmic0XKg/EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZ zqq+zMm0kxTQZbLo4xDncC8CRgySYnmU0MwkczcD8kYS0y06atki vn+PfyfdFzbQbbT8ioNd1VREZyBc3AJHFADDXALmqANCKDgETyBZ+ vBerFerbeltWCtMqdgDdb7FyHFlWk=</latexit><latexit sha1_base64="eqHWr EusaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks 3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+I P+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/Kxycd lWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK /RiPBIsYwdpIreqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZo DsufgzAhWUyFJhwr1XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4 tA5vDBKCKNEmic0XKg/EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZ zqq+zMm0kxTQZbLo4xDncC8CRgySYnmU0MwkczcD8kYS0y06atki vn+PfyfdFzbQbbT8ioNd1VREZyBc3AJHFADDXALmqANCKDgETyBZ+ vBerFerbeltWCtMqdgDdb7FyHFlWk=</latexit>
{1}
<latexit sha1_base64="P49zs Y+LZg3HD5wnYTYxSM5qUxM=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LiZ5ebjWt1smAtATTqWbbc1ubIv2y0bWqVVByV6 49qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY 3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiCLofx3vgj+lR+lK ux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFf P8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzgAAwoewRN4Nh 6MF+PVeFtG14xy5gSswHj/Aluklzk=</latexit><latexit sha1_base64="P49zs Y+LZg3HD5wnYTYxSM5qUxM=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LiZ5ebjWt1smAtATTqWbbc1ubIv2y0bWqVVByV6 49qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY 3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiCLofx3vgj+lR+lK ux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFf P8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzgAAwoewRN4Nh 6MF+PVeFtG14xy5gSswHj/Aluklzk=</latexit><latexit sha1_base64="P49zs Y+LZg3HD5wnYTYxSM5qUxM=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LiZ5ebjWt1smAtATTqWbbc1ubIv2y0bWqVVByV6 49qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY 3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiCLofx3vgj+lR+lK ux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFf P8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzgAAwoewRN4Nh 6MF+PVeFtG14xy5gSswHj/Aluklzk=</latexit><latexit sha1_base64="P49zs Y+LZg3HD5wnYTYxSM5qUxM=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LiZ5ebjWt1smAtATTqWbbc1ubIv2y0bWqVVByV6 49qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY 3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiCLofx3vgj+lR+lK ux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFf P8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzgAAwoewRN4Nh 6MF+PVeFtG14xy5gSswHj/Aluklzk=</latexit>
{2}
<latexit sha1_base64="mMB+p nUb14MoAjFzjyW7SAaWu/U=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225rcmVftls2tEqrDkr0 xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx +bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEAWQ/nvfBH8Kz9KV djxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+ f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnAABhQ8gifwbD wYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+p nUb14MoAjFzjyW7SAaWu/U=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225rcmVftls2tEqrDkr0 xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx +bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEAWQ/nvfBH8Kz9KV djxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+ f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnAABhQ8gifwbD wYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+p nUb14MoAjFzjyW7SAaWu/U=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225rcmVftls2tEqrDkr0 xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx +bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEAWQ/nvfBH8Kz9KV djxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+ f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnAABhQ8gifwbD wYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+p nUb14MoAjFzjyW7SAaWu/U=">AAACAHicdVDNSsNAGNz4W+tf1aO XxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U1 8AZ/DTRvBig4sDDPz8X07fsKoVKb5Yaytb2xubVd2qrt7+weHtaPj voxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZon xIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225rcmVftls2tEqrDkr0 xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx +bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEAWQ/nvfBH8Kz9KV djxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+ f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnAABhQ8gifwbD wYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit>
{3}
<latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">A AACAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSm WaH0ZpY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdX MJqEnHsu22Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJx Hvk5GSE3lmhfIfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZ OAeXwAJt0AU3oAccgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">A AACAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSm WaH0ZpY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdX MJqEnHsu22Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJx Hvk5GSE3lmhfIfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZ OAeXwAJt0AU3oAccgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">A AACAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSm WaH0ZpY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdX MJqEnHsu22Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJx Hvk5GSE3lmhfIfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZ OAeXwAJt0AU3oAccgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">A AACAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSm WaH0ZpY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdX MJqEnHsu22Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJx Hvk5GSE3lmhfIfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZ OAeXwAJt0AU3oAccgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit>
{4}
<latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMB eAmnQs225rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5Tz ydTJCaipXvEAWQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafg DFwAC7RBF9yAHnAABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMB eAmnQs225rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5Tz ydTJCaipXvEAWQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafg DFwAC7RBF9yAHnAABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMB eAmnQs225rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5Tz ydTJCaipXvEAWQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafg DFwAC7RBF9yAHnAABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMB eAmnQs225rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5Tz ydTJCaipXvEAWQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafg DFwAC7RBF9yAHnAABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit>
{5}
<latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="JZuw2oXS65EBuoAnmSzH0atnbhk=">A AAB7XicbZDNSsNAFIVv6l+NVevazWARXJXEjS4FNy4r2B9oQ5lMJu3QmUmYuRFK7Au49Q3ciU/kC/gcTtourPXAwOHcc5nLF+dSWAyCL6 +2s7u3f1A/9I8a/vHJabPRs1lhGO+yTGZmEFPLpdC8iwIlH+SGUxVL3o9n99W8/8yNFZl+wnnOI0UnWqSCUXRRZ9xsBe1gKbJtwrVpwV rj5vcoyVihuEYmqbXDMMgxKqlBwSRf+KPC8pyyGZ3wobOaKm6jcnnmgly6JCFpZtzTSJbp742SKmvnKnZNRXFqN2aJrZYWf/tV8b/+sMD 0NiqFzgvkmq0+TwtJMCMVB5IIwxnKuTOUGeHuJ2xKDWXoaPmOS/iXwrbpXbfDoB0+BlCHc7iAKwjhBu7gATrQBQYJvMKb9+K9ex8rfjVv DfIMNuR9/gAAAZKh</latexit><latexit sha1_base64="Ki1Rkn/gNnepDB1SG9L0+8iqfbQ=">A AAB9XicbZDNSsNAFIVv6l+tVatbN4NFcFUmguhScOOygmkLTSiTyaQdOpmEmYlQQja+gFt9A3fi4/gCPoeTtgvbemDgcO65zOULM8G1wf jbqW1t7+zu1fcbB83Do+PWSbOn01xR5tFUpGoQEs0El8wz3Ag2yBQjSShYP5zeV/P+M1Oap/LJzDIWJGQsecwpMTby/OLaL0etNu7gud CmcZemDUt1R60fP0ppnjBpqCBaD12cmaAgynAqWNnwc80yQqdkzIbWSpIwHRTzY0t0YZMIxamyTxo0T/9uFCTRepaEtpkQM9Ers0hXS+V 6vyr+1x/mJr4NCi6z3DBJF5/HuUAmRRUNFHHFqBEzawhV3N6P6IQoQo1l1rBg3HUMm6Z31XFxx33EUIczOIdLcOEG7uABuuABBQ6v8Abv zovz4XwuENacJctTWJHz9QuGC5Wj</latexit><latexit sha1_base64="sM027bWS9IOquuEOJycn/3VWINs=">A AAB9XicdVDLSsNAFL2pr1qrVrduBovgqiQ+0roT3LisYNpCE8pkMmmHTh7MTIQSsvEH3OofuBM/xx/wO5y0FazogYHDOedy7xw/5Uwq0/ wwKmvrG5tb1e3aTn13b79xUO/JJBOEOiThiRj4WFLOYuoopjgdpILiyOe0709vSr//QIVkSXyvZin1IjyOWcgIVlpy3PzSLUaNptky50 CadCzbbmtyZZ+3L2xkLa0mLNEdNT7dICFZRGNFOJZyaJmp8nIsFCOcFjU3kzTFZIrHdKhpjCMqvXx+bIFOtBKgMBH6xQrN1Z8TOY6knEW +TkZYTeSKF8hyqPidL4N/5YeZCjtezuI0UzQmi+VhxpFKUNkGCpigRPGZJpgIpu9HZIIFJkp3VtPFfP8e/U96Zy3LbFl3JlThCI7hFCxo wzXcQhccIMDgCZ7hxXg0Xo23RYUVY9nlIazAeP8C4iyV4g==</latexit><latexit sha1_base64="TYZ5O2j1lheRaBxtvKlHqc/guQE=">A AACAHicdVDNSsNAGNzUv1r/qh69LBbBU0mqpvVW8OKxgqmFJpTNZtMu3WzC7kYoIRdfwKu+gTfx6pv4Aj6HmzaCFR1YGGbm4/t2/IRRqU zzw6isrK6tb1Q3a1vbO7t79f2DvoxTgYmDYxaLgY8kYZQTR1HFyCARBEU+I3f+9Krw7+6JkDTmt2qWEC9CY05DipHSkuNmF24+qjfMpj kH1KRj2XZbk0v7rH1uQ6u0GqBEb1T/dIMYpxHhCjMk5dAyE+VlSCiKGclrbipJgvAUjclQU44iIr1sfmwOT7QSwDAW+nEF5+rPiQxFUs4 iXycjpCZyyQtkMZT/zhfBv/LDVIUdL6M8SRXheLE8TBlUMSzagAEVBCs20wRhQfX9EE+QQFjpzmq6mO/fw/9Jv9W0zKZ1Yza6rbKiKjgC x+AUWKANuuAa9IADMKDgETyBZ+PBeDFejbdFtGKUM4dgCcb7F2DMlzk=</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">A AACAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUp nmh1FaW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+ YCUJO2ZdstTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZy Hnk6GSE3liufLfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAE nIJzYIEW6IAb0AU9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit>
{6}
<latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smA tATTqWbbc1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch7 5OhkhNZUrXiCLofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNw Bi6ABdqgC25ADzgAAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smA tATTqWbbc1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch7 5OhkhNZUrXiCLofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNw Bi6ABdqgC25ADzgAAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smA tATTqWbbc1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch7 5OhkhNZUrXiCLofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNw Bi6ABdqgC25ADzgAAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">A AACAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVK b5Yaytb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smA tATTqWbbc1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch7 5OhkhNZUrXiCLofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNw Bi6ABdqgC25ADzgAAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit>
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<latexit sha1_base64="(null )">(null)</latexit><latexit sha1_base64="(null )">(null)</latexit><latexit sha1_base64="(null )">(null)</latexit><latexit sha1_base64="(null )">(null)</latexit>
T5 =
<latexit sha1_ base64="(null)">(null)</la texit><latexit sha1_ base64="(null)">(null)</la texit><latexit sha1_ base64="(null)">(null)</la texit><latexit sha1_ base64="(null)">(null)</la texit>
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{2}
<latexit sha1_base64="mMB+pnUb14MoAjFzjyW7SAaWu/U=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+pnUb14MoAjFzjyW7SAaWu/U=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+pnUb14MoAjFzjyW7SAaWu/U=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit><latexit sha1_base64="mMB+pnUb14MoAjFzjyW7SAaWu/U=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZ083HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BV0+lzo=</latexit>
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<latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">AAA CAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSmWaH0Z pY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdXMJqEnHsu2 2Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJxHvk5GSE3lmhf IfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZOAeXwAJt0AU3oAc cgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">AAA CAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSmWaH0Z pY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdXMJqEnHsu2 2Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJxHvk5GSE3lmhf IfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZOAeXwAJt0AU3oAc cgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">AAA CAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSmWaH0Z pY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdXMJqEnHsu2 2Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJxHvk5GSE3lmhf IfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZOAeXwAJt0AU3oAc cgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit><latexit sha1_base64="VKegO7wBxpatwCWh5wnp2x5epxU=">AAA CAHicdVDNSsNAGNzUv1r/qh69LBbBU0naktZbwYvHCqYtNKFsNpt26WYTdjdCCb34Al71DbyJV9/EF/A53LQRrOjAwjAzH9+34yeMSmWaH0Z pY3Nre6e8W9nbPzg8qh6f9GWcCkwcHLNYDH0kCaOcOIoqRoaJICjyGRn4s+vcH9wTIWnM79Q8IV6EJpyGFCOlJcfNmu5iXK2ZdXMJqEnHsu2 2Jld2s92yoVVYNVCgN65+ukGM04hwhRmScmSZifIyJBTFjCwqbipJgvAMTchIU44iIr1seewCXmglgGEs9OMKLtWfExmKpJxHvk5GSE3lmhf IfGjxO58H/8qPUhV2vIzyJFWE49XyMGVQxTBvAwZUEKzYXBOEBdX3QzxFAmGlO6voYr5/D/8n/UbdMuvWbavWbRQVlcEZOAeXwAJt0AU3oAc cgAEFj+AJPBsPxovxarytoiWjmDkFazDevwBe2Jc7</latexit>
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<latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit><latexit sha1_base64="KRIdEN4VCNinzDMXjwKgAzU3GyI=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LhZy83HtbrZMBeAmnQs225 rcmVftls2tEqrDkr0xrVPN4hxGhGuMENSjiwzUV6GhKKYkbzqppIkCM/QhIw05Sgi0ssWx+bwXCsBDGOhH1dwof6cyFAk5TzydTJCaipXvEA WQ/nvfBH8Kz9KVdjxMsqTVBGOl8vDlEEVw6INGFBBsGJzTRAWVN8P8RQJhJXurKqL+f49/J/0mw3LbFi3rXq3WVZUAafgDFwAC7RBF9yAHnA ABhQ8gifwbDwYL8ar8baMrhnlzAlYgfH+BWBylzw=</latexit>
{5}
<latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="JZuw2oXS65EBuoAnmSzH0atnbhk=">AAA B7XicbZDNSsNAFIVv6l+NVevazWARXJXEjS4FNy4r2B9oQ5lMJu3QmUmYuRFK7Au49Q3ciU/kC/gcTtourPXAwOHcc5nLF+dSWAyCL6+2s7u 3f1A/9I8a/vHJabPRs1lhGO+yTGZmEFPLpdC8iwIlH+SGUxVL3o9n99W8/8yNFZl+wnnOI0UnWqSCUXRRZ9xsBe1gKbJtwrVpwVrj5vcoyVi huEYmqbXDMMgxKqlBwSRf+KPC8pyyGZ3wobOaKm6jcnnmgly6JCFpZtzTSJbp742SKmvnKnZNRXFqN2aJrZYWf/tV8b/+sMD0NiqFzgvkmq0 +TwtJMCMVB5IIwxnKuTOUGeHuJ2xKDWXoaPmOS/iXwrbpXbfDoB0+BlCHc7iAKwjhBu7gATrQBQYJvMKb9+K9ex8rfjVvDfIMNuR9/gAAAZK h</latexit><latexit sha1_base64="Ki1Rkn/gNnepDB1SG9L0+8iqfbQ=">AAA B9XicbZDNSsNAFIVv6l+tVatbN4NFcFUmguhScOOygmkLTSiTyaQdOpmEmYlQQja+gFt9A3fi4/gCPoeTtgvbemDgcO65zOULM8G1wfjbqW1 t7+zu1fcbB83Do+PWSbOn01xR5tFUpGoQEs0El8wz3Ag2yBQjSShYP5zeV/P+M1Oap/LJzDIWJGQsecwpMTby/OLaL0etNu7gudCmcZemDUt 1R60fP0ppnjBpqCBaD12cmaAgynAqWNnwc80yQqdkzIbWSpIwHRTzY0t0YZMIxamyTxo0T/9uFCTRepaEtpkQM9Ers0hXS+V6vyr+1x/mJr4 NCi6z3DBJF5/HuUAmRRUNFHHFqBEzawhV3N6P6IQoQo1l1rBg3HUMm6Z31XFxx33EUIczOIdLcOEG7uABuuABBQ6v8Abvzovz4XwuENacJct TWJHz9QuGC5Wj</latexit><latexit sha1_base64="sM027bWS9IOquuEOJycn/3VWINs=">AAA B9XicdVDLSsNAFL2pr1qrVrduBovgqiQ+0roT3LisYNpCE8pkMmmHTh7MTIQSsvEH3OofuBM/xx/wO5y0FazogYHDOedy7xw/5Uwq0/wwKmv rG5tb1e3aTn13b79xUO/JJBOEOiThiRj4WFLOYuoopjgdpILiyOe0709vSr//QIVkSXyvZin1IjyOWcgIVlpy3PzSLUaNptky50CadCzbbmt yZZ+3L2xkLa0mLNEdNT7dICFZRGNFOJZyaJmp8nIsFCOcFjU3kzTFZIrHdKhpjCMqvXx+bIFOtBKgMBH6xQrN1Z8TOY6knEW+TkZYTeSKF8h yqPidL4N/5YeZCjtezuI0UzQmi+VhxpFKUNkGCpigRPGZJpgIpu9HZIIFJkp3VtPFfP8e/U96Zy3LbFl3JlThCI7hFCxowzXcQhccIMDgCZ7 hxXg0Xo23RYUVY9nlIazAeP8C4iyV4g==</latexit><latexit sha1_base64="TYZ5O2j1lheRaBxtvKlHqc/guQE=">AAA CAHicdVDNSsNAGNzUv1r/qh69LBbBU0mqpvVW8OKxgqmFJpTNZtMu3WzC7kYoIRdfwKu+gTfx6pv4Aj6HmzaCFR1YGGbm4/t2/IRRqUzzw6i srK6tb1Q3a1vbO7t79f2DvoxTgYmDYxaLgY8kYZQTR1HFyCARBEU+I3f+9Krw7+6JkDTmt2qWEC9CY05DipHSkuNmF24+qjfMpjkH1KRj2XZ bk0v7rH1uQ6u0GqBEb1T/dIMYpxHhCjMk5dAyE+VlSCiKGclrbipJgvAUjclQU44iIr1sfmwOT7QSwDAW+nEF5+rPiQxFUs4iXycjpCZyyQt kMZT/zhfBv/LDVIUdL6M8SRXheLE8TBlUMSzagAEVBCs20wRhQfX9EE+QQFjpzmq6mO/fw/9Jv9W0zKZ1Yza6rbKiKjgCx+AUWKANuuAa9IA DMKDgETyBZ+PBeDFejbdFtGKUM4dgCcb7F2DMlzk=</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit><latexit sha1_base64="d21CdrLhs4qd3QQ5cU2j6GIDCmk=">AAA CAHicdVDLSsNAFJ3UV62vqks3g0VwVZJa07oruHFZwT6gCWUymbRDJ5MwMxFKyMYfcKt/4E7c+if+gN/hpI1gRQ8MHM45l3vneDGjUpnmh1F aW9/Y3CpvV3Z29/YPqodHfRklApMejlgkhh6ShFFOeooqRoaxICj0GBl4s+vcH9wTIWnE79Q8Jm6IJpwGFCOlpZ6TXjrZuFoz6+YCUJO2Zds tTa7si1bThlZh1UCB7rj66fgRTkLCFWZIypFlxspNkVAUM5JVnESSGOEZmpCRphyFRLrp4tgMnmnFh0Ek9OMKLtSfEykKpZyHnk6GSE3liuf LfCj7nc+Df+VHiQrabkp5nCjC8XJ5kDCoIpi3AX0qCFZsrgnCgur7IZ4igbDSnVV0Md+/h/+TfqNumXXrtlnrNIqKyuAEnIJzYIEW6IAb0AU 9gAEFj+AJPBsPxovxarwtoyWjmDkGKzDevwBiDJc9</latexit>
{6}
<latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smAtATTqWbbc 1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiC Lofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzg AAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smAtATTqWbbc 1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiC Lofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzg AAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smAtATTqWbbc 1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiC Lofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzg AAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit><latexit sha1_base64="+T38Dd+D6TrXnOExG35HjJt2AS8=">AAA CAHicdVDNSsNAGNz4W+tf1aOXxSJ4Kkktab0VvHisYNpCE8pms2mXbjZhdyOUkIsv4FXfwJt49U18AZ/DTRvBig4sDDPz8X07fsKoVKb5Yay tb2xubVd2qrt7+weHtaPjvoxTgYmDYxaLoY8kYZQTR1HFyDARBEU+IwN/dl34g3siJI35nZonxIvQhNOQYqS05LiZ7ebjWt1smAtATTqWbbc 1ubIv2y0bWqVVByV649qnG8Q4jQhXmCEpR5aZKC9DQlHMSF51U0kShGdoQkaachQR6WWLY3N4rpUAhrHQjyu4UH9OZCiSch75OhkhNZUrXiC Lofx3vgj+lR+lKux4GeVJqgjHy+VhyqCKYdEGDKggWLG5JggLqu+HeIoEwkp3VtXFfP8e/k/6zYZlNqzbVr3bLCuqgFNwBi6ABdqgC25ADzg AAwoewRN4Nh6MF+PVeFtG14xy5gSswHj/AmOmlz4=</latexit>
0 0 0 0 0 0
 vh0i6,{1,2,5,6} 0 0 0 0 0
 vh0i6,{1,3,5,6}  vh0i6,{2,3,5,6} 0 0 0 0
 vh0i6,{1,4,5,6}  vh0i6,{2,4,5,6}  vh0i6,{3,4,5,6} 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
  6,{5,6}     T0 =
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
(52)
As it is clear from (52), the group of symbols
{
v
〈0〉
6,{1,2,5,6}, v
〈0〉
6,{1,3,5,6}, v
〈0〉
6,{1,4,5,6}, v
〈0〉
6,{2,3,5,6}, v
〈0〉
6,{2,4,5,6}, v
〈0〉
6,{3,4,5,6}
}
of G3(T0) will be all primarily injected into the symbols of the T5. Note that all the primary injections are
performed in T5. Similarly, the symbols
{
v
〈0〉
5,{1,2,5,6}, v
〈0〉
5,{1,3,5,6}, v
〈0〉
5,{1,4,5,6}, v
〈0〉
5,{2,3,5,6}, v
〈0〉
5,{2,4,5,6}, v
〈0〉
5,{3,4,5,6}
}
will be injected into T4 = T4 5,{5,6}←−−−−T0 , another child code of T0 with injection pair (5, {5, 6}).
33
Note that the entries in the last row of T5 6,{5,6}←−−−−T0 in (51) have negative sign, due to (50). Moreover, from
Definition 3 we have
G1(T5) = {v〈5〉5,{5},−v〈5〉6,{6}, w〈5〉5,{5,6},−w〈5〉6,{5,6}},
G2(T5) =
 w
〈5〉
5,{1,5}, w
〈5〉
5,{2,5}, w
〈5〉
5,{3,5}, w
〈5〉
5,{4,5},
−w〈5〉6,{1,6},−w〈5〉6,{2,6},−w〈5〉6,{3,6},−w〈5〉6,{4,6}
 ,
G3(T5) = G4(T5) = ∅.
The symbols in G1(T5) are marked in (51), and set to zero. It is worth mentioning that since G3(T5) = G4(T5) = ∅,
no further injection from T5 is needed, and hence T5 does not have any child (see Fig. 4).
Beside its primary injection to T5, the symbols in G3(T0) are also subject to secondary injection(s). Let us
consider v〈0〉6,{1,2,5,6}. According to (21), a secondary injection of v
〈0〉
6,{1,2,5,6} is determined by an integer y ∈ X =
{5, 6} and subsets (Y,Y ′):
• For y = 5, we have X[k+1:y−1] = X[5:4] = ∅. Hence Y = Y ′ = ∅ and x = 6 ≤ max
(X[y+1:d] ∪ Y ′) =
max
(X[6:6] ∪∅) = 6 is satisfied. Hence this injection is needed.
• If y = 6, then X[k+1:y−1] = X[5:5] = {5}. Hence, we have either (Y,Y ′) = (∅, {5}) or (Y,Y ′) = ({5},∅).
However, since X[y+1:d] = X[7:5] = ∅, the condition x = 6 ≤ max
(X[y+1:d] ∪ Y ′) cannot be satisfied. Thus,
there is no injection for y = 6.
For the only secondary injection satisfying conditions of (21), i.e., y = 5 and Y = Y ′ = ∅, the injection pair is
given by (
x,X[y+1:d] ∪ Y ′
)
=
(
x,X[6:6] ∪∅
)
= (6, {6}),
and the mode of the child code is
m =
∣∣X ∪ Y∣∣ = |{1, 2} ∪∅| = 2.
This code is denoted by T2 in Fig. 4. Hence, we have
[T0]x,X = v
〈0〉
6,{1,2,5,6}
×(−1)1+σT0 (5)+ind{1,2,5,6}(5)−−−−−−−−−−−−−−−−−−→
[
T2 6,{6}←−−−T0
]
5,{1,2}
= (−1)σT2 (5)w(6,{6},T0)5,{1,2,5} .
Recall that T2 is a code of mode m2 = 2 with
(
d
m2
)
=
(
6
2
)
= 15 columns, each labeled by a subset of {1, . . . , 6}
of size 2. The signature of T2 can be obtained from (17) as
σT2(i) = 1 + σT0(i) + ind{6}∪{i}(i) = 2 ∀i ∈ {1, 2, 3, 4, 5, 6}.
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The complete representation of the message matrix T2 = T2 6,{6}←−−−T0 is given in (53).
v
h2i
1,{1,2} v
h2i
1,{1,3} v
h2i
1,{1,4} v
h2i
1,{1,5} v
h2i
1,{1,6} w
h2i
1,{1,2,3} w
h2i
1,{1,2,4} · · ·
v
h2i
2,{1,2} w
h2i
2,{1,2,3} w
h2i
2,{1,2,4} w
h2i
2,{1,2,5} w
h2i
2,{1,2,6} v
h2i
2,{2,3} v
h2i
2,{2,4} · · ·
w
h2i
3,{1,2,3} v
h2i
3,{1,3} w
h2i
3,{1,3,4} w
h2i
3,{1,3,5} w
h2i
3,{1,3,6} v
h2i
3,{2,3} w
h2i
3,{2,3,4} · · ·
w
h2i
4,{1,2,4} w
h2i
4,{1,3,4} v
h2i
4,{1,4} w
h2i
4,{1,4,5} w
h2i
4,{1,4,6} w
h2i
4,{2,3,4} v
h2i
4,{2,4} · · ·
w
h2i
5,{1,2,5} w
h2i
5,{1,3,5} w
h2i
5,{1,4,5} v
h2i
5,{1,5} w
h2i
5,{1,5,6} w
h2i
5,{2,3,5} w
h2i
5,{2,4,5} · · ·
w
h2i
6,{1,2,6} w
h2i
6,{1,3,6} w
h2i
6,{1,4,6} w
h2i
6,{1,5,6} v
h2i
6,{1,6} w
h2i
6,{2,3,6} w
h2i
6,{2,4,6} · · ·
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
{1, 2}
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
{1, 3}
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
{1, 4}
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
{1, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{1, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 3}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 4}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 5}
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
{2, 6}
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
{3, 4}
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
{3, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{3, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{4, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{4, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{5, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
1<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
2<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
3
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
4<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
5
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
6
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
· · · wh2i1,{1,2,5} wh2i1,{1,2,6} wh2i1,{1,3,4} wh2i1,{1,3,5} wh2i1,{1,3,6} wh2i1,{1,4,5} wh2i1,{1,4,6} wh2i1,{1,5,6}
· · · vh2i2,{2,5} vh2i2,{2,6} wh2i2,{2,3,4} wh2i2,{2,3,5} wh2i2,{2,3,6} wh2i2,{2,4,5} wh2i2,{2,4,6} wh2i2,{2,5,6}
· · · wh2i3,{2,3,5} wh2i3,{2,3,6} vh2i3,{3,4} vh2i3,{3,5} vh2i3,{3,6} wh2i3,{3,4,5} wh2i3,{3,4,6} wh2i3,{3,5,6}
· · · wh2i4,{2,4,5} wh2i4,{2,4,6} vh2i4,{3,4} wh2i4,{3,4,5} wh2i4,{3,4,6} vh2i4,{4,5} vh2i4,{4,6} wh2i4,{4,5,6}
· · · vh2i5,{2,5} wh2i5,{2,5,6} wh2i5,{3,4,5} vh2i5,{3,5} wh2i5,{3,5,6} vh2i5,{4,5} wh2i5,{4,5,6} vh2i5,{5,6} = 0
· · · wh2i6,{2,5,6} vh2i6,{2,6} wh2i6,{3,4,6} wh2i6,{3,5,6} vh2i6,{3,6} wh2i6,{4,5,6} vh2i6,{4,6} vh2i6,{5,6} = 0
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
T2 =
<latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit><latexit sha1_ base64="(null)">(null)</late xit>
(53)
The modified version of this signed determinant code is given by
T2 = T2 6,{6}←−−−T0 = T2 6,{6}←−−−T0 + ∆ 6,{6}←−−−T0 .
In summary, the secondary injection of v〈0〉6,{1,2,5,6} is given by
[T2]5,{1,2} = w
(6,{6},T0)
5,{1,2,5} + v
〈0〉
2,{1,2,5,6} = w
〈2〉
5,{1,2,5} + v
〈0〉
6,{1,2,5,6}.
It is very important to mention that the child code T2 is initially introduced for the primary injection of symbols{
v
〈0〉
6,{1,2,3,6}, v
〈0〉
6,{1,2,4,6}, v
〈0〉
6,{1,3,4,6}, v
〈0〉
6,{2,3,4,6}
}
⊆ G3(T0),
while it is also used for secondary injection of some other symbols including v〈0〉6,{1,2,5,6}. For instance, followed
from (20), the primary injection of v〈0〉6,{1,2,3,6} with x = 6, X = {1, 2, 3} and X = {6} is given by
[T0]x,X = v
〈0〉
6,{1,2,3,6}
×(−1)1+σT0 (3)+ind{1,2,3,6}(3)−−−−−−−−−−−−−−−−−−→
[
T2 6,{6}←−−−T0
]
3,{1,2}
= (−1)σT2 (3)w(2;6,{6},T0)3,{1,2,3} ,
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which is performed into the same child code T2. The matrix representing all the injections into T2 is given in
(54). Note that all the primary injections are performed into T2 (shown in green), and the secondary injections take
place in T2 (indicated by yellow).
{1, 2}
<latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit>
{1, 3}
<latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit>
{1, 4}
<latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit>
{1, 5}
<latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit><latexit sha1_base64="(null)">(nu ll)</latexit>
{1, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 3}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 4}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{2, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{3, 4}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{3, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{3, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{4, 5}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{4, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
{5, 6}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
1<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
2<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
3
<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
4<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
5
<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
6
<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
  6,{6}    T0 =
<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
v
h0i
6,{1,2,3,6} 0 0 0 0 0 0 0 0 0 0 0 0 0 0
v
h0i
6,{1,2,4,6} v
h0i
6,{1,3,4,6} 0 0 0 v
h0i
6,{2,3,4,6} 0 0 0 0 0 0 0 0 0
v
h0i
6,{1,2,5,6} v
h0i
6,{1,3,5,6} v
h0i
6,{1,4,5,6} 0 0 v
h0i
6,{2,3,5,6} v
h0i
6,{2,4,5,6} 0 0 v
h0i
6,{3,4,5,6} 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
<latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t><latexit sha1_b ase64="(null)">(null)</latexi t>
(54)
Finally, according to Definition 3, the symbols in T2 can be partitioned to
G1(T2) =
{
v
〈2〉
5,{5,6}, v
〈2〉
6,{5,6}
}
,
G2(T2) =
 w
〈2〉
5,{1,2,5}, w
〈2〉
5,{1,3,5}, w
〈2〉
5,{1,4,5}, w
〈2〉
5,{2,3,5}, w
〈2〉
5,{2,4,5}, w
〈2〉
5,{3,4,5}, w
〈2〉
6,{1,2,6}, w
〈2〉
6,{1,3,6},
w
〈2〉
6,{1,4,6}, w
〈2〉
6,{1,5,6}, w
〈2〉
6,{2,3,6}, w
〈2〉
6,{2,4,6}, w
〈2〉
6,{2,5,6}, w
〈2〉
6,{3,4,6}, w
〈2〉
6,{3,5,6}, w
〈2〉
6,{4,5,6}
 ,
G3(T2) =
{
v
〈2〉
5,{1,5}, v
〈2〉
5,{2,5}, v
〈2〉
5,{3,5}, v
〈2〉
5,{4,5}, v
〈2〉
6,{1,6}, v
〈2〉
6,{2,6}, v
〈2〉
6,{3,6}, v
〈2〉
6,{4,6}
}
,
G4(T2) =
{
w
〈2〉
5,{1,5,6}, w
〈2〉
5,{2,5,6}, w
〈2〉
5,{3,5,6}, w
〈2〉
5,{4,5,6}
}
.
(55)
The code segment T2 has 3 child codes, namely, T9,T10,T11. For instance, according to (22), the primary injection
of w〈2〉5,{2,5,6} ∈ G4(T2) with x = 5 and X = {2, 6} takes place into a code of mode 0 with injection pair (5, {6}).
This child code is called T11 in Fig. 4. Therefore, we have
[T2]5,{2,6} = (−1)σT2 (5)w〈2〉5,{2,5,6}
×(−1)1+σT2 (2)+ind{2,6}(2)−−−−−−−−−−−−−−−−→
[
T11 5,{6}←−−−T2
]
2,∅
= (−1)σT11 (2)w(5,{6},T2)2,∅ = 0.
Recall that for the code segment T11 with mode (T11) = 0, all the entries in the message matrix (before injection)
are zero, as given in (56). Therefore the modified code is obtained by T11 = T11 + ∆ 5,{6}←−−−T2 = ∆ 5,{6}←−−−T2 . The
injection matrix ∆ 5,{6}←−−−T2 is also given in (56).
36
2<latexit sha1_base64="yaNqcx 3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIL XdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSf iRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmD eBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7 AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllW U=</latexit><latexit sha1_base64="yaNqcx 3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIL XdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSf iRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmD eBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7 AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllW U=</latexit><latexit sha1_base64="yaNqcx 3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIL XdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSf iRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmD eBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7 AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllW U=</latexit><latexit sha1_base64="yaNqcx 3EZXwccALfwc+3FjZ7ACY=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIL XdYriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSf iRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmD eBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7 AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxtllW U=</latexit>
1<latexit sha1_base64="6Zf/tg ITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4Y nsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjt dCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/ JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF 5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZy Bc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlW Q=</latexit><latexit sha1_base64="6Zf/tg ITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4Y nsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjt dCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/ JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF 5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZy Bc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlW Q=</latexit><latexit sha1_base64="6Zf/tg ITomtq62SivrFJUx3DsEA=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwp7TgfVmFjc2t7p7hb2ts/ODwqH590VJJJQtsk4Y nsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjt dCwXHHs63rV9arQsR2nhlyUE7fmXXkQGSVHBazQHJY/B2FCspgKTThWq o+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/ JmY4VmoaB8YZYz1Wa7NQ5aH5b39u/Mvfz3RU92dMpJmmgiyXRxmHOoF 5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZy Bc3AJEKiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9CxnNlW Q=</latexit>
3
<latexit sha1_base64="VTzPnK IVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBV U9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeC L7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7 eqoXEH2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VG jgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXv iTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC 8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZy Bc3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lW Y=</latexit><latexit sha1_base64="VTzPnK IVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBV U9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeC L7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7 eqoXEH2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VG jgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXv iTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC 8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZy Bc3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lW Y=</latexit><latexit sha1_base64="VTzPnK IVIGfK8lhWimKAEq0rOL4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBV U9EDgcO453JsTpJwpjdC7VdjY3NreKe6W9vYPDo/KxyddlWSS0A5JeC L7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7 eqoXEH2VaPmejWIbITqjuvkxK17VQ86RslRAWu0RuWPYZiQLKZCE46VG jgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXv iTmOlZrFgXHGWE/Uj1mo8tDitz83/uUfZDpq+HMm0kxTQVbLo4xDncC 8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZy Bc3AJHFAHTXADWqADCKDgATyCJ+veerZerNeVtWCtM6fgB6y3Txz9lW Y=</latexit>
4<latexit sha1_base64="p62khE G7bzgQcfxmytS6gJvkILo=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIL W9YriD7ul51vSpENkI1x3Vy4ta8Kw86RslRASs0h+XPQZiQLKZCE46V6 jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSf iRmOlZrGgXHGWI/V2ixUeWj+258b//L3Mx3V/RkTaaapIMvlUcahTmD eBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7 AObgEDqiBBrgFTdAGBFDwCJ7As/VgvViv1tvSWrBWmVOwBuv9Cx6VlW c=</latexit><latexit sha1_base64="Go413A TjuVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIK rMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYo eGDicew73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT /EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH 1VryLlu1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGL sp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwU OFFqloTGmWA9UWuzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53Csgk YMUmJ5jNDMJHM3A/JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSV wQQO0wC1ogw4ggIIn8AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</late xit><latexit sha1_base64="Go413A TjuVbS32qBm8VQzETMmGs=">AAAB+HicdVDLSsNAFJ34rPFV3boZLIK rMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYo eGDicew73zgkzzpRG6MPa2Nza3tmt7Nn7B4dHx1X7pKvSXBLaISlPZT /EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH 1VryLlu1j2/DpGDUMP13JJ4Df/Kh65RStTACu1R9XMYpSRPqNCEY6UGL sp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwU OFFqloTGmWA9UWuzSJWh+W9/afzLP8h13AwKJrJcU0GWy+OcQ53Csgk YMUmJ5jNDMJHM3A/JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSV wQQO0wC1ogw4ggIIn8AxerEfr1XpbGjesVeIUrMF6/wKPOJQp</late xit>
5
<latexit sha1_base64="cuf1eL vbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh69BIv gacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21a wogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeS y7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGa l0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ5qD82Q9jkkZUaMKxU j0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9 mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l+ph3c+YSFJNBVksH6Yc6hj mTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuA EnIJz4IAaaIAb0ARtQAAFj+AJPFsP1ov1ar0trAVrmTkGK7DevwAgLZ Vo</latexit><latexit sha1_base64="cuf1eL vbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh69BIv gacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21a wogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeS y7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGa l0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ5qD82Q9jkkZUaMKxU j0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9 mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l+ph3c+YSFJNBVksH6Yc6hj mTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuA EnIJz4IAaaIAb0ARtQAAFj+AJPFsP1ov1ar0trAVrmTkGK7DevwAgLZ Vo</latexit><latexit sha1_base64="cuf1eL vbJVKFvIAn0jh7wM/JM3c=">AAAB/HicdVDNSgMxGMzWv1r/qh69BIv gacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21a wogOBYb4Zvi8TJJwpjdCHVVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeS y7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGa l0OyhVkX9WrrleFyEao5rhOTtyad+FBxyg5KmCJ5qD82Q9jkkZUaMKxU j0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9 mchwpNQ0CowzwnqsVmahykOz3/7c+Je/l+ph3c+YSFJNBVksH6Yc6hj mTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuA EnIJz4IAaaIAb0ARtQAAFj+AJPFsP1ov1ar0trAVrmTkGK7DevwAgLZ Vo</latexit>
6
<latexit sha1_base64="eqHWrE usaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIr eqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZoDsufgzAhWUyFJhwr1 XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4tA5vDBKCKNEmic0XKg/ EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZzqq+zMm0kxTQZbLo4xDncC 8CRgySYnmU0MwkczcD8kYS0y06atkivn+PfyfdFzbQbbT8ioNd1VREZy Bc3AJHFADDXALmqANCKDgETyBZ+vBerFerbeltWCtMqdgDdb7FyHFlW k=</latexit><latexit sha1_base64="eqHWrE usaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIr eqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZoDsufgzAhWUyFJhwr1 XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4tA5vDBKCKNEmic0XKg/ EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZzqq+zMm0kxTQZbLo4xDncC 8CRgySYnmU0MwkczcD8kYS0y06atkivn+PfyfdFzbQbbT8ioNd1VREZy Bc3AJHFADDXALmqANCKDgETyBZ+vBerFerbeltWCtMqdgDdb7FyHFlW k=</latexit><latexit sha1_base64="eqHWrE usaPCeTWv2R4v62gRIK0g=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK 4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gp W9EDgcO453JsTpJwpjdCHVdjY3NreKe6W9vYPDo/KxycdlWSS0DZJeC J7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpIr eqwXEH2db3qelWIbIRqjuvkxK15Vx50jJKjAlZoDsufgzAhWUyFJhwr1 XdQqv0ZlpoRTuelQaZoiskEj2jfUIFjqvzZ4tA5vDBKCKNEmic0XKg/ EzMcKzWNA+OMsR6rtVmo8tD8tz83/uXvZzqq+zMm0kxTQZbLo4xDncC 8CRgySYnmU0MwkczcD8kYS0y06atkivn+PfyfdFzbQbbT8ioNd1VREZy Bc3AJHFADDXALmqANCKDgETyBZ+vBerFerbeltWCtMqdgDdb7FyHFlW k=</latexit>
?
<latexit sha1_ba se64="N7KMmRpLldsd2Q5A0PZAK2zSCi w=">AAACBnicdVDLSgMxFM3UV62vqks3 wSK4KjO1TOuu4MZlBfuAdiiZTKYNzSRD kimUoXt/wK3+gTtx62/4A36HmXYEK3og cDjnXO7N8WNGlbbtD6uwsbm1vVPcLe3t HxwelY9PukokEpMOFkzIvo8UYZSTjqaa kX4sCYp8Rnr+9CbzezMiFRX8Xs9j4kVo zGlIMdJGGgxnSHKhJ5SPR+WKXbWXgIY0 HddtGHLtXjXqLnRyqwJytEflz2EgcBIR rjFDSg0cO9ZeiqSmmJFFaZgoEiM8RWMy MJSjiCgvXZ68gBdGCWAopHlcw6X6cyJF kVLzyDfJCOmJWvMClQ0tfuez4F/5QaLD ppdSHieacLxaHiYMagGzTmBAJcGazQ1B WFJzP8QTJBHWprmSKeb79/B/0q1VHbvq 3NUrrVpeURGcgXNwCRzQAC1wC9qgAzAQ 4BE8gWfrwXqxXq23VbRg5TOnYA3W+xen YZow</latexit><latexit sha1_ba se64="N7KMmRpLldsd2Q5A0PZAK2zSCi w=">AAACBnicdVDLSgMxFM3UV62vqks3 wSK4KjO1TOuu4MZlBfuAdiiZTKYNzSRD kimUoXt/wK3+gTtx62/4A36HmXYEK3og cDjnXO7N8WNGlbbtD6uwsbm1vVPcLe3t HxwelY9PukokEpMOFkzIvo8UYZSTjqaa kX4sCYp8Rnr+9CbzezMiFRX8Xs9j4kVo zGlIMdJGGgxnSHKhJ5SPR+WKXbWXgIY0 HddtGHLtXjXqLnRyqwJytEflz2EgcBIR rjFDSg0cO9ZeiqSmmJFFaZgoEiM8RWMy MJSjiCgvXZ68gBdGCWAopHlcw6X6cyJF kVLzyDfJCOmJWvMClQ0tfuez4F/5QaLD ppdSHieacLxaHiYMagGzTmBAJcGazQ1B WFJzP8QTJBHWprmSKeb79/B/0q1VHbvq 3NUrrVpeURGcgXNwCRzQAC1wC9qgAzAQ 4BE8gWfrwXqxXq23VbRg5TOnYA3W+xen YZow</latexit><latexit sha1_ba se64="N7KMmRpLldsd2Q5A0PZAK2zSCi w=">AAACBnicdVDLSgMxFM3UV62vqks3 wSK4KjO1TOuu4MZlBfuAdiiZTKYNzSRD kimUoXt/wK3+gTtx62/4A36HmXYEK3og cDjnXO7N8WNGlbbtD6uwsbm1vVPcLe3t HxwelY9PukokEpMOFkzIvo8UYZSTjqaa kX4sCYp8Rnr+9CbzezMiFRX8Xs9j4kVo zGlIMdJGGgxnSHKhJ5SPR+WKXbWXgIY0 HddtGHLtXjXqLnRyqwJytEflz2EgcBIR rjFDSg0cO9ZeiqSmmJFFaZgoEiM8RWMy MJSjiCgvXZ68gBdGCWAopHlcw6X6cyJF kVLzyDfJCOmJWvMClQ0tfuez4F/5QaLD ppdSHieacLxaHiYMagGzTmBAJcGazQ1B WFJzP8QTJBHWprmSKeb79/B/0q1VHbvq 3NUrrVpeURGcgXNwCRzQAC1wC9qgAzAQ 4BE8gWfrwXqxXq23VbRg5TOnYA3W+xen YZow</latexit><latexit sha1_ba se64="N7KMmRpLldsd2Q5A0PZAK2zSCi w=">AAACBnicdVDLSgMxFM3UV62vqks3 wSK4KjO1TOuu4MZlBfuAdiiZTKYNzSRD kimUoXt/wK3+gTtx62/4A36HmXYEK3og cDjnXO7N8WNGlbbtD6uwsbm1vVPcLe3t HxwelY9PukokEpMOFkzIvo8UYZSTjqaa kX4sCYp8Rnr+9CbzezMiFRX8Xs9j4kVo zGlIMdJGGgxnSHKhJ5SPR+WKXbWXgIY0 HddtGHLtXjXqLnRyqwJytEflz2EgcBIR rjFDSg0cO9ZeiqSmmJFFaZgoEiM8RWMy MJSjiCgvXZ68gBdGCWAopHlcw6X6cyJF kVLzyDfJCOmJWvMClQ0tfuez4F/5QaLD ppdSHieacLxaHiYMagGzTmBAJcGazQ1B WFJzP8QTJBHWprmSKeb79/B/0q1VHbvq 3NUrrVpeURGcgXNwCRzQAC1wC9qgAzAQ 4BE8gWfrwXqxXq23VbRg5TOnYA3W+xen YZow</latexit>
0
0
0
0
0
0
<latexit sha1_base64="rTJLBH cxgvxsESnIbkkrMy8D/Vk=">AAAzCHiczVvLctxIduWMXzP0q8deepO mRiFSUQTJ6lG/wu0YNkVJ7KYkWiT7YZKhyAKyqtAFIDHIBIulivoB+2e 8c3jrrb/An+GtvfG5NzNRQJFSS46YCGtBggDyZuZ9nHvuTWhQZqmxu7 v/+bOf/8Ef/tEf/8kvfrn+p3/253/xlx/96q++NbquYnUe60xX3w+kU VlaqHOb2kx9X1ZK5oNMfTeYHNDz765VZVJdnNlZqa5yOSrSYRpLi1uvP 1KXAzVKi7msKjlbzA/mj3ZLu1is74rLy4u9R6W9+r9eiktVJF7u64/u 7Ua7/E/cvtjzF/fW/L+T17/a++f7l4mO61wVNs6kMRc/YsuFzK7mR4e Hh7aSxWJ9feUVXShopM6LXlLJIW6aQg+1tu0x9y/pWkMnVZrg9TyXRZL peKJra9YhcpAOslSPKlmOZ8bOMtUeLB4+fCieH50eiPOzo+Ojsx/Eyf 7BN/tPD0/pyfr99cvaqFLGEzlS83RYJkMa9EylEy1eDlSVpGrywAh+E kG6SI3AUmYCw4Z1hgdipmtRKJWIWBdJSlaSGWRgpWWasdUEGTwRuJiOl R2rSuCHwPrL2pJAyBa6Esl1GmFgbbCWL3BxybPiQoj7/E6sEzW9oicq M8o/wCh+QLeHKX6eQTbmVcYK70hCD1s7iCUWhOkHVsIHEzGsdE7Tja0 tv9jZmU6nUWxlEelqtFNORjthFfuZ0T1RaKuwfGlF0HIEs4lv96JPBQz DM1eirPQ1rGWEFIM6zWxauP0cHO+fnh69ePLSbafRl5M41dXEsG6MzJ WYyhnp47uxKoSZpjYep8WIl8uz3AirSS3umua+TmO1TXuWPZbiTIDl5 HJGG5TXisZg81VdCDvF6/R3nClZYbaqgPwd+BlskStDZjDRuvehg6Oz /bOjly/e5T9xahW5D/1mVU+lEdMqtRY7GMzEY9pqIvYrowola7wJtX3S UhvsFLQKFartRA1hIqeSoa5y6Aiv8NbCFH5uUi/dmy+CX2FjQ51leup 068eR+Egca5mQLoOkIEVM04x8t1KmzuCaBT11LlzUOcLBQHk0UNZWYz VApSybCaMrC0eifcDwpaoyUvcGqR+S4Po72NBIJRuRUNEo6omLvSv8+J x+9OnHp/TjEf345AprsGPsAXGAmTraxOIwP8QqL6Hvxm1vOwmfX7lBz ZCouXpggoacmO4GZAILKKcTA12oHgU2BbVKInFuVFdOAfX9WCO+dMm6 2WyW+O3H0WdLe24FeJjKgg1igYhQOkJeDymkTB2PhSR4QaA0qlZwYZ7c eG9VRZxpQhAYpJQV4HOsTGqitnIgU2ZIJAkuC2OxLYc4ucY6j+WZ+l4 YwKPKTSS+QoDVleKF1gwkASgeRbtis7+7+/n27sfb/d2tlm9ijU65Y2 SlqlIMJtHdeLMKMdK+C2BoD15OSA9OEdgTMMLLSIuu4w8R2SK1yKRDBC n/c5H69NX+ybOjg1Px6vB4/+zw8a2I7cJQN4YvcAdwcjXnfJLGNxTPS DsZ1M7zl9KON80WITnuwLiV8K/yimCFioPR3zT0/nweRTsQvLOgix9L NdpZkFxSLmSmlVA3gAhSnUEwOZfRxQPbQJYpVZwOZ/S2URwhGK44EbG 1CyAZIvwyhafUiQqT00Ieu8U/9bcOm5nmEZbUi2g5vagsRov1kFaAf5r TFGfpxsuRaUqDlN2jnENjOUi0j1S+abaioI4bCOJQA4hJQhPyfzJxlZ J/ux2lS8M67wyjTRQPR04+GcCNgT80w6KO1Xju34PRVGn+f5gKC4F9O L+HTd7KLhIpVxzICiw0c8F9qsA8bIpofCXH9k0kjohvMMD/rk4rUn4Lo MJSeqIca6vxW9l4ac8VmIGUnwSaO6CBltWJcgKx23Ah3oEXLQfbL5yj jrROhOPYpNxbMLJxzi56lJcuVQUVCyYmvOq+2iAtfqNgMfFKxZNEjjN 4TAqI9gsc6rr4KTCDoZiQAFbuO5rSc4kxEBW4O1G2HJStBxguaUWN6uk p0F6WyL94O4GMEno1cZWWVmySG2x5JhB1RBKfIpFBohEtx8JzjnXhgl 1QtPOiorw0YjNXVtIsQbLhlIdcb5CHwVfghDXHBxMJGBxBWWyzjyB8R nhmKI0ghV2r2AI8PFXh5fbC1DktHZNy/rREDFOby7IkBuqmxYDl+rac9 xBfIco3RbgRkV4dQyDTmGhJWzZ+lCMQjtnGziCrK4QekmaiKvIBuEfG pIpTm0L0YKeSBSkiBgZWq0CFEJ/wc6PYJpxsTPqGCCEZ9gfEDM0Ierb izkIOiLww6iRDigasN/Pl223fsfWIXaf1ktlxOahJaM/3z569i3bK3EA VY4KpfbhLCdepGkbHdJlWs59j/7Tm53hXee4jTnWcKjtzpg2sHYJQZD U1DruvnqqK/vAFmCEDAGNlRjollBN5I9cr6UVTKtD8fpXNwoyCxYGCl oosU2ZyRmYpFSgyrUeLPSox2etqQ2z4GiqmyUoaPYBtUCvw7nQcw8Zh HbBWDi9ISZoAzDmdsktD92+b8Mv+I54MVSjgJPP8OKwZq4FvwbWVo2zt JcBhOpVQQY6ZMQNONPwlCPlglrYEzxZBuwWfH8i1/GJW/cfM8sGic5P eslpnZrH67hCUbOVuwjepVm/dtHJAnnjTqzgW+6o30HqCu6YHgKO1L1 qs7fTk8OBo//joH0HYjo9Oz97p8NlII++N8zTm3Lz8866q60SRSb8DFU mxetbgKz1CMGjxFd7SjsNSGe49c1m8Fm3ZwMHrtNIFqR7eD+cnWB6wn 4S3mJMHcCBMZM9/i4y02EaYW6Jb3nGlx1NiDK0Xqc51a+Kow1twUNuZ OEJxKV68PLs9KWQ1r7eFeokJqWgphvS3OZgti3AUSmNdAbp11VZ1XzWv HoyrFLFRYsSTFE/1FsVEKDY5CDxLBPlTCaEcJ7ZGllufoG6XM483hOm gUkOoOP80t7nTgnIkdg0JwR0g4R3sPSkIcsIdbvSBgdW4gG+VcNOFwI amzuWMZJFSNitFXaFrhbqzUEBVXk9O2BKjptR5+kYOMrXVXdFNu9gnk5 2+keaN+FoW2rzXsogvLaMNgfb0xfPDF+8OM24Frq/cmyVmnBUrYEGAi yRN0fgEQDgRzyn8soGMxw+cTbvslG6SdL8rG4+96dOc7MopiF0Qe0lk lQSK5kY5Nu7gpe3Tph0pA07tpEXwBVkx76ZxqPVD0wk7qLjCrIBzkdh3 XhvqlTClJXMQ71aFqjzmEtNKiSnEE+6juNKm1DA42V1mDOiuVzKo9AR I5CsBuENJzuqHID9lKXTg2zNgKZ7FgDgR06qZiFEdY7DKYsR5RYJAUj sAMph3EWcc0wYTsemzLdcbGfiL7QSRi/agefIxpGGenDYpGPCjlmnem a/amcqT3XdG2QcGFC2CHbZpiflmwBJc1O8K5xBDmacZa7HhJ7xtP2Xtt LU0orqLIxBsBQ6I9Ae2pGAF1oyvhXo0wzgdkSG95aJ2Djv/6snR0/NX h92oCg2HlyfUQKSumNFxp3z1cPXlUKIA71Eu/dLRCKKcvUwOVMY3zbB HGcNfX81NPUDCCIX7T0ikxjp1b0nmcuh9V1S6P8nmvXbuPLVEu5Bb6lE GrRzoeAxD9MgvyAZUcVTEu8GmYkWWpmyDFOXEIZM5idaBsG9xOsKeUl YA0ypG3KBNQ5+HUcBVLaQqmIY8kxmmoc6fY0lNinBlNDeG05vM3iAxi Wcgq3DDXmdfoeZ1ONPt/xHfM2L/RhEhzkGUhypLLEDKq5HGN5UGZ6BwH tHhfg/EmM4mfJURcpDvHWC/PNKFt6vKqI5qZS2nsh0Xi60UpgP9dWIQ y3gh75Fn+8qMlVZcA2haO8b6Nzp+sNEkkNDSkdcyzXg61Mex6iosRPJ e9HFP9Hd3H+3sfrLT/8yndywkbIm6vKq67iqDG+63tRHdKgwOYOWaXCP UIr58XNrLVWTwKklNFzC3oSCPdhWp7x75u87FuVTjd1zoU4upkg3uu6 KSZ7Gux+xMVDuv5sMcYKtXaJIOh4qarm3ddBVpkDRQSCROWOucxwe7K 83HktrnitCaVJ64Kuk9CUp78g8DUjewBVNPjl/u30r8HeoeQonyebh2U YzyB6hoEOI+gSnK6NgpXuvHOvMI0mHgd5CCOyhB1CXhntSR9YdqGnze dzNo4pCeJ0AglfU8HkGLcAD26DbSsLPRcQYKRYdSYTjYGFf5ToCull0 C6hj5Plqiaw5JPqt0dNU4ACNRo5rohfVeM1BNPCS0p5oyOYqBwtGcJZW JubygAxpJcedmC1MwEgRxBK50tJI6tVO+91rvLIyNxaCLq6+w8qnrf0 q7oiy4K3FwxPTeo1aHnzuYDYqGww5vCIdkngvwmR6xW91u3aZF04vhb pA/UQuHSgOiTKZ2TUfaO5whL/kANJcJb5ZwuLMCPhyxnVxB/SN3MPO+w fMB3bswN8VKOyCMdUangAjXd9Wap+kotbh1BoPQCU3Xp0dg/SbYwjNc OUiZAGL3ib7b0TxODrS11O0Y+pY2BHrCQgDmoAtlWCQ23SHbhv9SwPn Ew8XF3w6uNrzXNl0Kai8azrDtTugWd4olVTGtk1xPraiLMixASfSUF0g b0R7T3NICGaC1NqxD8IiwC7+1zTbJb0Wl81OBvMD7yqmrdq26g7e8dl Mu1AHW0kC/rQNR54yVIvso41pa1BtlV/ZqDBO6ErTStaXeIG+fajZSF Z1KkzRiIK7b3K1Pge2+3/9Wab+XVk7wQ7yC2j9U2E6hXr3hQxO3nuBq d1bnjEQQdRnGmEla8nmGrUB9xyiPXCeAElGecuJk1YRE4HiM6xiTwUO/ uHlWAY0ybiqaFT9vMXDOw7TWMJkTaKuZczN5rZEzuAkHQVHYOdXWBCb LoojPCkErEg5TOtFPE1aD53KNDTfZzW/H7lu6GJ6cpJbCuqTijAOHVz SVM+Y3flEB4PyKGquwJwWk8bPMuMZrU14SdISaC4Db4/HP6eiiALkdjX WWP5AiGWQsEaIC8Op8sPxgQElLvXliJEMKnfak0HNYzxfdVt5S6OJug P0AOG0Jc/xjpRTynNAdhot2/VKAnVdAAXM1B69iIbScy0zZy+c/6Cod 8dGHl3Dpf9MbyO9q6qFqHh4sLvpXF5fUebm5mt8h4OJe/2p+r79o6qEw 6V0g/7XMoeLHqDypWHweH8g6U2A9X6vhUDzVWTJQlTtfoVbQSlGxkhJ 8Y8h32qf0qUtgrKh2f6wLzrzOZVqlsKs2REuBnolGNJf3Wf8BltkxTK xTLNpzao4xR/Zz5GQOPc7+9AEbY6M/13G1SJOCqD3R5J/St668rJUR4S sOAt1lJVQ1bIYA0PfRGTtzoM41z+QTY2uugJKA5fBVRs+fJbuvxlotg vaJNbcsL/1h/8n5WQNtDtJce26I5az0CZqzH1e4YgTpCibjlqvLube+ onClQ3DbZgnDxpVcAyJUcs1dPsLYoGGQvuGPqDl+/dHalBGQzcPVg1Pg kghTR8ClGDvVeC+e+AMu7b4Y87mTdC+FydLR2OescCjF3U9GXVOPAIn WtYm8+GahsALQ0jguKD6LfhPtbbnMz2rwbsArrxEXS6NnhIu+DRekkq Pd4WfbgvsN6dBL4g6dswrltTGdlTrNooxDUVgHmhEC/eJqvoh8oASATh wc21npy/1cTlh0d+ADc1s0txC0q3aXuY1chSgHsVnkRXD3PKVWJLWMJ qu+lKTGNxAbjWDaJv2ET4Ba5R2bglqLTXUZPh1yQOnqsEEQRwD8pOm5 kIQvukhJD8iCl+HiNkyGJ3fhZHh2ERCy6a94Akve5bbeNOeZGKQ+69zS qgkup0Qzc2CX7Keku0g8qSuiW9Qa56kq1fkqiqomdwazDDUqLZvek3h IDSMOqIccpS1XDqwnSZqeB41oTEQggHWuuGmo55iOU06EU1da+hqTwt vxE++6y7K9I3uTmWgHopfjckJMBMxW09VhCgDk5iZErHbUDRAg5doxuE IDFe4YiUtheiW0r+5O5C1scrUWTWfNHaT0PRlpkNb0NRpYfmve73wE6 ipio0P4rN8P354VnTzQE0ZSV1G3R1Mt4w/eXwVdGZdmmO6tZpp24/bk 8ZOeOH91LPZfPBbPfjg5fHV89OKbd52N1FVGkYBf7/GhJ5cTTSHlDiaa Tz+GnKWaVhkZgU+W6Q8sCT4XJvnpw2Py5Q/59uYDKw4shDoLqLMYR3t gbFU2z2ev8es1hdkiWj0stuO8e1R0w5/A4577tpX/mqP6m4wqJLfFvB oNFvPdqN8Tu9Gn9KN/x7uDrFatV/3rn62cVYUPFek2Xxtl63K+/ksWB G1PTA9/oDjkG182q8Bd+uBjeZfmw00acusm9t69t74IbhXqAPexaKaKk R2Hgwl36oQwrVCjA1J8KTRNE7zjv7xit2tLIkzpFp8yI1/iI3nkZp9L /CdIKJDDPyfpjDHU57EBsZWm14kcyaMJP0a+RFn9wLv1pTIhyuZ5gZT dfJLnv6Q1k6VA7SMuwByVYdi4D07+8AxQVrjKzpWVuOo54lJXVN9trd/ 6KqEyQ+7DhGPfAdAR5gV1dj5Nm2SDhztzXW67r10KZbfdR+ZG5ek2oU cdb1vyx/X7952qzybpG3GSxpYzCG7gQWcNNp28cT5NV1k6QGE7m/OB0 U2v1IbxCFrsDVPbw6xxr+Sjj8K0ZnmemhgsUhZK1+bOacDqUGHoKY265 FxNDkKH5PODxcXe1fzv55djuOmvF+X83t7i7+a/5j8X9FHF64/u7a3+ Z43bF9/2o73daO8ffnPvt33/Hzl+sfY3axtrm2t7a5+u/Xbt2drJ2vl avPYfa/+19t9r/9P/p/6/9P+1/2/u1Z//zI/567XOv/6//y+iYLu5</l atexit><latexit sha1_base64="rTJLBH cxgvxsESnIbkkrMy8D/Vk=">AAAzCHiczVvLctxIduWMXzP0q8deepO mRiFSUQTJ6lG/wu0YNkVJ7KYkWiT7YZKhyAKyqtAFIDHIBIulivoB+2e 8c3jrrb/An+GtvfG5NzNRQJFSS46YCGtBggDyZuZ9nHvuTWhQZqmxu7 v/+bOf/8Ef/tEf/8kvfrn+p3/253/xlx/96q++NbquYnUe60xX3w+kU VlaqHOb2kx9X1ZK5oNMfTeYHNDz765VZVJdnNlZqa5yOSrSYRpLi1uvP 1KXAzVKi7msKjlbzA/mj3ZLu1is74rLy4u9R6W9+r9eiktVJF7u64/u 7Ua7/E/cvtjzF/fW/L+T17/a++f7l4mO61wVNs6kMRc/YsuFzK7mR4e Hh7aSxWJ9feUVXShopM6LXlLJIW6aQg+1tu0x9y/pWkMnVZrg9TyXRZL peKJra9YhcpAOslSPKlmOZ8bOMtUeLB4+fCieH50eiPOzo+Ojsx/Eyf 7BN/tPD0/pyfr99cvaqFLGEzlS83RYJkMa9EylEy1eDlSVpGrywAh+E kG6SI3AUmYCw4Z1hgdipmtRKJWIWBdJSlaSGWRgpWWasdUEGTwRuJiOl R2rSuCHwPrL2pJAyBa6Esl1GmFgbbCWL3BxybPiQoj7/E6sEzW9oicq M8o/wCh+QLeHKX6eQTbmVcYK70hCD1s7iCUWhOkHVsIHEzGsdE7Tja0 tv9jZmU6nUWxlEelqtFNORjthFfuZ0T1RaKuwfGlF0HIEs4lv96JPBQz DM1eirPQ1rGWEFIM6zWxauP0cHO+fnh69ePLSbafRl5M41dXEsG6MzJ WYyhnp47uxKoSZpjYep8WIl8uz3AirSS3umua+TmO1TXuWPZbiTIDl5 HJGG5TXisZg81VdCDvF6/R3nClZYbaqgPwd+BlskStDZjDRuvehg6Oz /bOjly/e5T9xahW5D/1mVU+lEdMqtRY7GMzEY9pqIvYrowola7wJtX3S UhvsFLQKFartRA1hIqeSoa5y6Aiv8NbCFH5uUi/dmy+CX2FjQ51leup 068eR+Egca5mQLoOkIEVM04x8t1KmzuCaBT11LlzUOcLBQHk0UNZWYz VApSybCaMrC0eifcDwpaoyUvcGqR+S4Po72NBIJRuRUNEo6omLvSv8+J x+9OnHp/TjEf345AprsGPsAXGAmTraxOIwP8QqL6Hvxm1vOwmfX7lBz ZCouXpggoacmO4GZAILKKcTA12oHgU2BbVKInFuVFdOAfX9WCO+dMm6 2WyW+O3H0WdLe24FeJjKgg1igYhQOkJeDymkTB2PhSR4QaA0qlZwYZ7c eG9VRZxpQhAYpJQV4HOsTGqitnIgU2ZIJAkuC2OxLYc4ucY6j+WZ+l4 YwKPKTSS+QoDVleKF1gwkASgeRbtis7+7+/n27sfb/d2tlm9ijU65Y2 SlqlIMJtHdeLMKMdK+C2BoD15OSA9OEdgTMMLLSIuu4w8R2SK1yKRDBC n/c5H69NX+ybOjg1Px6vB4/+zw8a2I7cJQN4YvcAdwcjXnfJLGNxTPS DsZ1M7zl9KON80WITnuwLiV8K/yimCFioPR3zT0/nweRTsQvLOgix9L NdpZkFxSLmSmlVA3gAhSnUEwOZfRxQPbQJYpVZwOZ/S2URwhGK44EbG 1CyAZIvwyhafUiQqT00Ieu8U/9bcOm5nmEZbUi2g5vagsRov1kFaAf5r TFGfpxsuRaUqDlN2jnENjOUi0j1S+abaioI4bCOJQA4hJQhPyfzJxlZ J/ux2lS8M67wyjTRQPR04+GcCNgT80w6KO1Xju34PRVGn+f5gKC4F9O L+HTd7KLhIpVxzICiw0c8F9qsA8bIpofCXH9k0kjohvMMD/rk4rUn4Lo MJSeqIca6vxW9l4ac8VmIGUnwSaO6CBltWJcgKx23Ah3oEXLQfbL5yj jrROhOPYpNxbMLJxzi56lJcuVQUVCyYmvOq+2iAtfqNgMfFKxZNEjjN 4TAqI9gsc6rr4KTCDoZiQAFbuO5rSc4kxEBW4O1G2HJStBxguaUWN6uk p0F6WyL94O4GMEno1cZWWVmySG2x5JhB1RBKfIpFBohEtx8JzjnXhgl 1QtPOiorw0YjNXVtIsQbLhlIdcb5CHwVfghDXHBxMJGBxBWWyzjyB8R nhmKI0ghV2r2AI8PFXh5fbC1DktHZNy/rREDFOby7IkBuqmxYDl+rac9 xBfIco3RbgRkV4dQyDTmGhJWzZ+lCMQjtnGziCrK4QekmaiKvIBuEfG pIpTm0L0YKeSBSkiBgZWq0CFEJ/wc6PYJpxsTPqGCCEZ9gfEDM0Ierb izkIOiLww6iRDigasN/Pl223fsfWIXaf1ktlxOahJaM/3z569i3bK3EA VY4KpfbhLCdepGkbHdJlWs59j/7Tm53hXee4jTnWcKjtzpg2sHYJQZD U1DruvnqqK/vAFmCEDAGNlRjollBN5I9cr6UVTKtD8fpXNwoyCxYGCl oosU2ZyRmYpFSgyrUeLPSox2etqQ2z4GiqmyUoaPYBtUCvw7nQcw8Zh HbBWDi9ISZoAzDmdsktD92+b8Mv+I54MVSjgJPP8OKwZq4FvwbWVo2zt JcBhOpVQQY6ZMQNONPwlCPlglrYEzxZBuwWfH8i1/GJW/cfM8sGic5P eslpnZrH67hCUbOVuwjepVm/dtHJAnnjTqzgW+6o30HqCu6YHgKO1L1 qs7fTk8OBo//joH0HYjo9Oz97p8NlII++N8zTm3Lz8866q60SRSb8DFU mxetbgKz1CMGjxFd7SjsNSGe49c1m8Fm3ZwMHrtNIFqR7eD+cnWB6wn 4S3mJMHcCBMZM9/i4y02EaYW6Jb3nGlx1NiDK0Xqc51a+Kow1twUNuZ OEJxKV68PLs9KWQ1r7eFeokJqWgphvS3OZgti3AUSmNdAbp11VZ1XzWv HoyrFLFRYsSTFE/1FsVEKDY5CDxLBPlTCaEcJ7ZGllufoG6XM483hOm gUkOoOP80t7nTgnIkdg0JwR0g4R3sPSkIcsIdbvSBgdW4gG+VcNOFwI amzuWMZJFSNitFXaFrhbqzUEBVXk9O2BKjptR5+kYOMrXVXdFNu9gnk5 2+keaN+FoW2rzXsogvLaMNgfb0xfPDF+8OM24Frq/cmyVmnBUrYEGAi yRN0fgEQDgRzyn8soGMxw+cTbvslG6SdL8rG4+96dOc7MopiF0Qe0lk lQSK5kY5Nu7gpe3Tph0pA07tpEXwBVkx76ZxqPVD0wk7qLjCrIBzkdh3 XhvqlTClJXMQ71aFqjzmEtNKiSnEE+6juNKm1DA42V1mDOiuVzKo9AR I5CsBuENJzuqHID9lKXTg2zNgKZ7FgDgR06qZiFEdY7DKYsR5RYJAUj sAMph3EWcc0wYTsemzLdcbGfiL7QSRi/agefIxpGGenDYpGPCjlmnem a/amcqT3XdG2QcGFC2CHbZpiflmwBJc1O8K5xBDmacZa7HhJ7xtP2Xtt LU0orqLIxBsBQ6I9Ae2pGAF1oyvhXo0wzgdkSG95aJ2Djv/6snR0/NX h92oCg2HlyfUQKSumNFxp3z1cPXlUKIA71Eu/dLRCKKcvUwOVMY3zbB HGcNfX81NPUDCCIX7T0ikxjp1b0nmcuh9V1S6P8nmvXbuPLVEu5Bb6lE GrRzoeAxD9MgvyAZUcVTEu8GmYkWWpmyDFOXEIZM5idaBsG9xOsKeUl YA0ypG3KBNQ5+HUcBVLaQqmIY8kxmmoc6fY0lNinBlNDeG05vM3iAxi Wcgq3DDXmdfoeZ1ONPt/xHfM2L/RhEhzkGUhypLLEDKq5HGN5UGZ6BwH tHhfg/EmM4mfJURcpDvHWC/PNKFt6vKqI5qZS2nsh0Xi60UpgP9dWIQ y3gh75Fn+8qMlVZcA2haO8b6Nzp+sNEkkNDSkdcyzXg61Mex6iosRPJ e9HFP9Hd3H+3sfrLT/8yndywkbIm6vKq67iqDG+63tRHdKgwOYOWaXCP UIr58XNrLVWTwKklNFzC3oSCPdhWp7x75u87FuVTjd1zoU4upkg3uu6 KSZ7Gux+xMVDuv5sMcYKtXaJIOh4qarm3ddBVpkDRQSCROWOucxwe7K 83HktrnitCaVJ64Kuk9CUp78g8DUjewBVNPjl/u30r8HeoeQonyebh2U YzyB6hoEOI+gSnK6NgpXuvHOvMI0mHgd5CCOyhB1CXhntSR9YdqGnze dzNo4pCeJ0AglfU8HkGLcAD26DbSsLPRcQYKRYdSYTjYGFf5ToCull0 C6hj5Plqiaw5JPqt0dNU4ACNRo5rohfVeM1BNPCS0p5oyOYqBwtGcJZW JubygAxpJcedmC1MwEgRxBK50tJI6tVO+91rvLIyNxaCLq6+w8qnrf0 q7oiy4K3FwxPTeo1aHnzuYDYqGww5vCIdkngvwmR6xW91u3aZF04vhb pA/UQuHSgOiTKZ2TUfaO5whL/kANJcJb5ZwuLMCPhyxnVxB/SN3MPO+w fMB3bswN8VKOyCMdUangAjXd9Wap+kotbh1BoPQCU3Xp0dg/SbYwjNc OUiZAGL3ib7b0TxODrS11O0Y+pY2BHrCQgDmoAtlWCQ23SHbhv9SwPn Ew8XF3w6uNrzXNl0Kai8azrDtTugWd4olVTGtk1xPraiLMixASfSUF0g b0R7T3NICGaC1NqxD8IiwC7+1zTbJb0Wl81OBvMD7yqmrdq26g7e8dl Mu1AHW0kC/rQNR54yVIvso41pa1BtlV/ZqDBO6ErTStaXeIG+fajZSF Z1KkzRiIK7b3K1Pge2+3/9Wab+XVk7wQ7yC2j9U2E6hXr3hQxO3nuBq d1bnjEQQdRnGmEla8nmGrUB9xyiPXCeAElGecuJk1YRE4HiM6xiTwUO/ uHlWAY0ybiqaFT9vMXDOw7TWMJkTaKuZczN5rZEzuAkHQVHYOdXWBCb LoojPCkErEg5TOtFPE1aD53KNDTfZzW/H7lu6GJ6cpJbCuqTijAOHVz SVM+Y3flEB4PyKGquwJwWk8bPMuMZrU14SdISaC4Db4/HP6eiiALkdjX WWP5AiGWQsEaIC8Op8sPxgQElLvXliJEMKnfak0HNYzxfdVt5S6OJug P0AOG0Jc/xjpRTynNAdhot2/VKAnVdAAXM1B69iIbScy0zZy+c/6Cod 8dGHl3Dpf9MbyO9q6qFqHh4sLvpXF5fUebm5mt8h4OJe/2p+r79o6qEw 6V0g/7XMoeLHqDypWHweH8g6U2A9X6vhUDzVWTJQlTtfoVbQSlGxkhJ 8Y8h32qf0qUtgrKh2f6wLzrzOZVqlsKs2REuBnolGNJf3Wf8BltkxTK xTLNpzao4xR/Zz5GQOPc7+9AEbY6M/13G1SJOCqD3R5J/St668rJUR4S sOAt1lJVQ1bIYA0PfRGTtzoM41z+QTY2uugJKA5fBVRs+fJbuvxlotg vaJNbcsL/1h/8n5WQNtDtJce26I5az0CZqzH1e4YgTpCibjlqvLube+ onClQ3DbZgnDxpVcAyJUcs1dPsLYoGGQvuGPqDl+/dHalBGQzcPVg1Pg kghTR8ClGDvVeC+e+AMu7b4Y87mTdC+FydLR2OescCjF3U9GXVOPAIn WtYm8+GahsALQ0jguKD6LfhPtbbnMz2rwbsArrxEXS6NnhIu+DRekkq Pd4WfbgvsN6dBL4g6dswrltTGdlTrNooxDUVgHmhEC/eJqvoh8oASATh wc21npy/1cTlh0d+ADc1s0txC0q3aXuY1chSgHsVnkRXD3PKVWJLWMJ qu+lKTGNxAbjWDaJv2ET4Ba5R2bglqLTXUZPh1yQOnqsEEQRwD8pOm5 kIQvukhJD8iCl+HiNkyGJ3fhZHh2ERCy6a94Akve5bbeNOeZGKQ+69zS qgkup0Qzc2CX7Keku0g8qSuiW9Qa56kq1fkqiqomdwazDDUqLZvek3h IDSMOqIccpS1XDqwnSZqeB41oTEQggHWuuGmo55iOU06EU1da+hqTwt vxE++6y7K9I3uTmWgHopfjckJMBMxW09VhCgDk5iZErHbUDRAg5doxuE IDFe4YiUtheiW0r+5O5C1scrUWTWfNHaT0PRlpkNb0NRpYfmve73wE6 ipio0P4rN8P354VnTzQE0ZSV1G3R1Mt4w/eXwVdGZdmmO6tZpp24/bk 8ZOeOH91LPZfPBbPfjg5fHV89OKbd52N1FVGkYBf7/GhJ5cTTSHlDiaa Tz+GnKWaVhkZgU+W6Q8sCT4XJvnpw2Py5Q/59uYDKw4shDoLqLMYR3t gbFU2z2ev8es1hdkiWj0stuO8e1R0w5/A4577tpX/mqP6m4wqJLfFvB oNFvPdqN8Tu9Gn9KN/x7uDrFatV/3rn62cVYUPFek2Xxtl63K+/ksWB G1PTA9/oDjkG182q8Bd+uBjeZfmw00acusm9t69t74IbhXqAPexaKaKk R2Hgwl36oQwrVCjA1J8KTRNE7zjv7xit2tLIkzpFp8yI1/iI3nkZp9L /CdIKJDDPyfpjDHU57EBsZWm14kcyaMJP0a+RFn9wLv1pTIhyuZ5gZT dfJLnv6Q1k6VA7SMuwByVYdi4D07+8AxQVrjKzpWVuOo54lJXVN9trd/ 6KqEyQ+7DhGPfAdAR5gV1dj5Nm2SDhztzXW67r10KZbfdR+ZG5ek2oU cdb1vyx/X7952qzybpG3GSxpYzCG7gQWcNNp28cT5NV1k6QGE7m/OB0 U2v1IbxCFrsDVPbw6xxr+Sjj8K0ZnmemhgsUhZK1+bOacDqUGHoKY265 FxNDkKH5PODxcXe1fzv55djuOmvF+X83t7i7+a/5j8X9FHF64/u7a3+ Z43bF9/2o73daO8ffnPvt33/Hzl+sfY3axtrm2t7a5+u/Xbt2drJ2vl avPYfa/+19t9r/9P/p/6/9P+1/2/u1Z//zI/567XOv/6//y+iYLu5</l atexit><latexit sha1_base64="rTJLBH cxgvxsESnIbkkrMy8D/Vk=">AAAzCHiczVvLctxIduWMXzP0q8deepO mRiFSUQTJ6lG/wu0YNkVJ7KYkWiT7YZKhyAKyqtAFIDHIBIulivoB+2e 8c3jrrb/An+GtvfG5NzNRQJFSS46YCGtBggDyZuZ9nHvuTWhQZqmxu7 v/+bOf/8Ef/tEf/8kvfrn+p3/253/xlx/96q++NbquYnUe60xX3w+kU VlaqHOb2kx9X1ZK5oNMfTeYHNDz765VZVJdnNlZqa5yOSrSYRpLi1uvP 1KXAzVKi7msKjlbzA/mj3ZLu1is74rLy4u9R6W9+r9eiktVJF7u64/u 7Ua7/E/cvtjzF/fW/L+T17/a++f7l4mO61wVNs6kMRc/YsuFzK7mR4e Hh7aSxWJ9feUVXShopM6LXlLJIW6aQg+1tu0x9y/pWkMnVZrg9TyXRZL peKJra9YhcpAOslSPKlmOZ8bOMtUeLB4+fCieH50eiPOzo+Ojsx/Eyf 7BN/tPD0/pyfr99cvaqFLGEzlS83RYJkMa9EylEy1eDlSVpGrywAh+E kG6SI3AUmYCw4Z1hgdipmtRKJWIWBdJSlaSGWRgpWWasdUEGTwRuJiOl R2rSuCHwPrL2pJAyBa6Esl1GmFgbbCWL3BxybPiQoj7/E6sEzW9oicq M8o/wCh+QLeHKX6eQTbmVcYK70hCD1s7iCUWhOkHVsIHEzGsdE7Tja0 tv9jZmU6nUWxlEelqtFNORjthFfuZ0T1RaKuwfGlF0HIEs4lv96JPBQz DM1eirPQ1rGWEFIM6zWxauP0cHO+fnh69ePLSbafRl5M41dXEsG6MzJ WYyhnp47uxKoSZpjYep8WIl8uz3AirSS3umua+TmO1TXuWPZbiTIDl5 HJGG5TXisZg81VdCDvF6/R3nClZYbaqgPwd+BlskStDZjDRuvehg6Oz /bOjly/e5T9xahW5D/1mVU+lEdMqtRY7GMzEY9pqIvYrowola7wJtX3S UhvsFLQKFartRA1hIqeSoa5y6Aiv8NbCFH5uUi/dmy+CX2FjQ51leup 068eR+Egca5mQLoOkIEVM04x8t1KmzuCaBT11LlzUOcLBQHk0UNZWYz VApSybCaMrC0eifcDwpaoyUvcGqR+S4Po72NBIJRuRUNEo6omLvSv8+J x+9OnHp/TjEf345AprsGPsAXGAmTraxOIwP8QqL6Hvxm1vOwmfX7lBz ZCouXpggoacmO4GZAILKKcTA12oHgU2BbVKInFuVFdOAfX9WCO+dMm6 2WyW+O3H0WdLe24FeJjKgg1igYhQOkJeDymkTB2PhSR4QaA0qlZwYZ7c eG9VRZxpQhAYpJQV4HOsTGqitnIgU2ZIJAkuC2OxLYc4ucY6j+WZ+l4 YwKPKTSS+QoDVleKF1gwkASgeRbtis7+7+/n27sfb/d2tlm9ijU65Y2 SlqlIMJtHdeLMKMdK+C2BoD15OSA9OEdgTMMLLSIuu4w8R2SK1yKRDBC n/c5H69NX+ybOjg1Px6vB4/+zw8a2I7cJQN4YvcAdwcjXnfJLGNxTPS DsZ1M7zl9KON80WITnuwLiV8K/yimCFioPR3zT0/nweRTsQvLOgix9L NdpZkFxSLmSmlVA3gAhSnUEwOZfRxQPbQJYpVZwOZ/S2URwhGK44EbG 1CyAZIvwyhafUiQqT00Ieu8U/9bcOm5nmEZbUi2g5vagsRov1kFaAf5r TFGfpxsuRaUqDlN2jnENjOUi0j1S+abaioI4bCOJQA4hJQhPyfzJxlZ J/ux2lS8M67wyjTRQPR04+GcCNgT80w6KO1Xju34PRVGn+f5gKC4F9O L+HTd7KLhIpVxzICiw0c8F9qsA8bIpofCXH9k0kjohvMMD/rk4rUn4Lo MJSeqIca6vxW9l4ac8VmIGUnwSaO6CBltWJcgKx23Ah3oEXLQfbL5yj jrROhOPYpNxbMLJxzi56lJcuVQUVCyYmvOq+2iAtfqNgMfFKxZNEjjN 4TAqI9gsc6rr4KTCDoZiQAFbuO5rSc4kxEBW4O1G2HJStBxguaUWN6uk p0F6WyL94O4GMEno1cZWWVmySG2x5JhB1RBKfIpFBohEtx8JzjnXhgl 1QtPOiorw0YjNXVtIsQbLhlIdcb5CHwVfghDXHBxMJGBxBWWyzjyB8R nhmKI0ghV2r2AI8PFXh5fbC1DktHZNy/rREDFOby7IkBuqmxYDl+rac9 xBfIco3RbgRkV4dQyDTmGhJWzZ+lCMQjtnGziCrK4QekmaiKvIBuEfG pIpTm0L0YKeSBSkiBgZWq0CFEJ/wc6PYJpxsTPqGCCEZ9gfEDM0Ierb izkIOiLww6iRDigasN/Pl223fsfWIXaf1ktlxOahJaM/3z569i3bK3EA VY4KpfbhLCdepGkbHdJlWs59j/7Tm53hXee4jTnWcKjtzpg2sHYJQZD U1DruvnqqK/vAFmCEDAGNlRjollBN5I9cr6UVTKtD8fpXNwoyCxYGCl oosU2ZyRmYpFSgyrUeLPSox2etqQ2z4GiqmyUoaPYBtUCvw7nQcw8Zh HbBWDi9ISZoAzDmdsktD92+b8Mv+I54MVSjgJPP8OKwZq4FvwbWVo2zt JcBhOpVQQY6ZMQNONPwlCPlglrYEzxZBuwWfH8i1/GJW/cfM8sGic5P eslpnZrH67hCUbOVuwjepVm/dtHJAnnjTqzgW+6o30HqCu6YHgKO1L1 qs7fTk8OBo//joH0HYjo9Oz97p8NlII++N8zTm3Lz8866q60SRSb8DFU mxetbgKz1CMGjxFd7SjsNSGe49c1m8Fm3ZwMHrtNIFqR7eD+cnWB6wn 4S3mJMHcCBMZM9/i4y02EaYW6Jb3nGlx1NiDK0Xqc51a+Kow1twUNuZ OEJxKV68PLs9KWQ1r7eFeokJqWgphvS3OZgti3AUSmNdAbp11VZ1XzWv HoyrFLFRYsSTFE/1FsVEKDY5CDxLBPlTCaEcJ7ZGllufoG6XM483hOm gUkOoOP80t7nTgnIkdg0JwR0g4R3sPSkIcsIdbvSBgdW4gG+VcNOFwI amzuWMZJFSNitFXaFrhbqzUEBVXk9O2BKjptR5+kYOMrXVXdFNu9gnk5 2+keaN+FoW2rzXsogvLaMNgfb0xfPDF+8OM24Frq/cmyVmnBUrYEGAi yRN0fgEQDgRzyn8soGMxw+cTbvslG6SdL8rG4+96dOc7MopiF0Qe0lk lQSK5kY5Nu7gpe3Tph0pA07tpEXwBVkx76ZxqPVD0wk7qLjCrIBzkdh3 XhvqlTClJXMQ71aFqjzmEtNKiSnEE+6juNKm1DA42V1mDOiuVzKo9AR I5CsBuENJzuqHID9lKXTg2zNgKZ7FgDgR06qZiFEdY7DKYsR5RYJAUj sAMph3EWcc0wYTsemzLdcbGfiL7QSRi/agefIxpGGenDYpGPCjlmnem a/amcqT3XdG2QcGFC2CHbZpiflmwBJc1O8K5xBDmacZa7HhJ7xtP2Xtt LU0orqLIxBsBQ6I9Ae2pGAF1oyvhXo0wzgdkSG95aJ2Djv/6snR0/NX h92oCg2HlyfUQKSumNFxp3z1cPXlUKIA71Eu/dLRCKKcvUwOVMY3zbB HGcNfX81NPUDCCIX7T0ikxjp1b0nmcuh9V1S6P8nmvXbuPLVEu5Bb6lE GrRzoeAxD9MgvyAZUcVTEu8GmYkWWpmyDFOXEIZM5idaBsG9xOsKeUl YA0ypG3KBNQ5+HUcBVLaQqmIY8kxmmoc6fY0lNinBlNDeG05vM3iAxi Wcgq3DDXmdfoeZ1ONPt/xHfM2L/RhEhzkGUhypLLEDKq5HGN5UGZ6BwH tHhfg/EmM4mfJURcpDvHWC/PNKFt6vKqI5qZS2nsh0Xi60UpgP9dWIQ y3gh75Fn+8qMlVZcA2haO8b6Nzp+sNEkkNDSkdcyzXg61Mex6iosRPJ e9HFP9Hd3H+3sfrLT/8yndywkbIm6vKq67iqDG+63tRHdKgwOYOWaXCP UIr58XNrLVWTwKklNFzC3oSCPdhWp7x75u87FuVTjd1zoU4upkg3uu6 KSZ7Gux+xMVDuv5sMcYKtXaJIOh4qarm3ddBVpkDRQSCROWOucxwe7K 83HktrnitCaVJ64Kuk9CUp78g8DUjewBVNPjl/u30r8HeoeQonyebh2U YzyB6hoEOI+gSnK6NgpXuvHOvMI0mHgd5CCOyhB1CXhntSR9YdqGnze dzNo4pCeJ0AglfU8HkGLcAD26DbSsLPRcQYKRYdSYTjYGFf5ToCull0 C6hj5Plqiaw5JPqt0dNU4ACNRo5rohfVeM1BNPCS0p5oyOYqBwtGcJZW JubygAxpJcedmC1MwEgRxBK50tJI6tVO+91rvLIyNxaCLq6+w8qnrf0 q7oiy4K3FwxPTeo1aHnzuYDYqGww5vCIdkngvwmR6xW91u3aZF04vhb pA/UQuHSgOiTKZ2TUfaO5whL/kANJcJb5ZwuLMCPhyxnVxB/SN3MPO+w fMB3bswN8VKOyCMdUangAjXd9Wap+kotbh1BoPQCU3Xp0dg/SbYwjNc OUiZAGL3ib7b0TxODrS11O0Y+pY2BHrCQgDmoAtlWCQ23SHbhv9SwPn Ew8XF3w6uNrzXNl0Kai8azrDtTugWd4olVTGtk1xPraiLMixASfSUF0g b0R7T3NICGaC1NqxD8IiwC7+1zTbJb0Wl81OBvMD7yqmrdq26g7e8dl Mu1AHW0kC/rQNR54yVIvso41pa1BtlV/ZqDBO6ErTStaXeIG+fajZSF Z1KkzRiIK7b3K1Pge2+3/9Wab+XVk7wQ7yC2j9U2E6hXr3hQxO3nuBq d1bnjEQQdRnGmEla8nmGrUB9xyiPXCeAElGecuJk1YRE4HiM6xiTwUO/ uHlWAY0ybiqaFT9vMXDOw7TWMJkTaKuZczN5rZEzuAkHQVHYOdXWBCb LoojPCkErEg5TOtFPE1aD53KNDTfZzW/H7lu6GJ6cpJbCuqTijAOHVz SVM+Y3flEB4PyKGquwJwWk8bPMuMZrU14SdISaC4Db4/HP6eiiALkdjX WWP5AiGWQsEaIC8Op8sPxgQElLvXliJEMKnfak0HNYzxfdVt5S6OJug P0AOG0Jc/xjpRTynNAdhot2/VKAnVdAAXM1B69iIbScy0zZy+c/6Cod 8dGHl3Dpf9MbyO9q6qFqHh4sLvpXF5fUebm5mt8h4OJe/2p+r79o6qEw 6V0g/7XMoeLHqDypWHweH8g6U2A9X6vhUDzVWTJQlTtfoVbQSlGxkhJ 8Y8h32qf0qUtgrKh2f6wLzrzOZVqlsKs2REuBnolGNJf3Wf8BltkxTK xTLNpzao4xR/Zz5GQOPc7+9AEbY6M/13G1SJOCqD3R5J/St668rJUR4S sOAt1lJVQ1bIYA0PfRGTtzoM41z+QTY2uugJKA5fBVRs+fJbuvxlotg vaJNbcsL/1h/8n5WQNtDtJce26I5az0CZqzH1e4YgTpCibjlqvLube+ onClQ3DbZgnDxpVcAyJUcs1dPsLYoGGQvuGPqDl+/dHalBGQzcPVg1Pg kghTR8ClGDvVeC+e+AMu7b4Y87mTdC+FydLR2OescCjF3U9GXVOPAIn WtYm8+GahsALQ0jguKD6LfhPtbbnMz2rwbsArrxEXS6NnhIu+DRekkq Pd4WfbgvsN6dBL4g6dswrltTGdlTrNooxDUVgHmhEC/eJqvoh8oASATh wc21npy/1cTlh0d+ADc1s0txC0q3aXuY1chSgHsVnkRXD3PKVWJLWMJ qu+lKTGNxAbjWDaJv2ET4Ba5R2bglqLTXUZPh1yQOnqsEEQRwD8pOm5 kIQvukhJD8iCl+HiNkyGJ3fhZHh2ERCy6a94Akve5bbeNOeZGKQ+69zS qgkup0Qzc2CX7Keku0g8qSuiW9Qa56kq1fkqiqomdwazDDUqLZvek3h IDSMOqIccpS1XDqwnSZqeB41oTEQggHWuuGmo55iOU06EU1da+hqTwt vxE++6y7K9I3uTmWgHopfjckJMBMxW09VhCgDk5iZErHbUDRAg5doxuE IDFe4YiUtheiW0r+5O5C1scrUWTWfNHaT0PRlpkNb0NRpYfmve73wE6 ipio0P4rN8P354VnTzQE0ZSV1G3R1Mt4w/eXwVdGZdmmO6tZpp24/bk 8ZOeOH91LPZfPBbPfjg5fHV89OKbd52N1FVGkYBf7/GhJ5cTTSHlDiaa Tz+GnKWaVhkZgU+W6Q8sCT4XJvnpw2Py5Q/59uYDKw4shDoLqLMYR3t gbFU2z2ev8es1hdkiWj0stuO8e1R0w5/A4577tpX/mqP6m4wqJLfFvB oNFvPdqN8Tu9Gn9KN/x7uDrFatV/3rn62cVYUPFek2Xxtl63K+/ksWB G1PTA9/oDjkG182q8Bd+uBjeZfmw00acusm9t69t74IbhXqAPexaKaKk R2Hgwl36oQwrVCjA1J8KTRNE7zjv7xit2tLIkzpFp8yI1/iI3nkZp9L /CdIKJDDPyfpjDHU57EBsZWm14kcyaMJP0a+RFn9wLv1pTIhyuZ5gZT dfJLnv6Q1k6VA7SMuwByVYdi4D07+8AxQVrjKzpWVuOo54lJXVN9trd/ 6KqEyQ+7DhGPfAdAR5gV1dj5Nm2SDhztzXW67r10KZbfdR+ZG5ek2oU cdb1vyx/X7952qzybpG3GSxpYzCG7gQWcNNp28cT5NV1k6QGE7m/OB0 U2v1IbxCFrsDVPbw6xxr+Sjj8K0ZnmemhgsUhZK1+bOacDqUGHoKY265 FxNDkKH5PODxcXe1fzv55djuOmvF+X83t7i7+a/5j8X9FHF64/u7a3+ Z43bF9/2o73daO8ffnPvt33/Hzl+sfY3axtrm2t7a5+u/Xbt2drJ2vl avPYfa/+19t9r/9P/p/6/9P+1/2/u1Z//zI/567XOv/6//y+iYLu5</l atexit><latexit sha1_base64="rTJLBH cxgvxsESnIbkkrMy8D/Vk=">AAAzCHiczVvLctxIduWMXzP0q8deepO mRiFSUQTJ6lG/wu0YNkVJ7KYkWiT7YZKhyAKyqtAFIDHIBIulivoB+2e 8c3jrrb/An+GtvfG5NzNRQJFSS46YCGtBggDyZuZ9nHvuTWhQZqmxu7 v/+bOf/8Ef/tEf/8kvfrn+p3/253/xlx/96q++NbquYnUe60xX3w+kU VlaqHOb2kx9X1ZK5oNMfTeYHNDz765VZVJdnNlZqa5yOSrSYRpLi1uvP 1KXAzVKi7msKjlbzA/mj3ZLu1is74rLy4u9R6W9+r9eiktVJF7u64/u 7Ua7/E/cvtjzF/fW/L+T17/a++f7l4mO61wVNs6kMRc/YsuFzK7mR4e Hh7aSxWJ9feUVXShopM6LXlLJIW6aQg+1tu0x9y/pWkMnVZrg9TyXRZL peKJra9YhcpAOslSPKlmOZ8bOMtUeLB4+fCieH50eiPOzo+Ojsx/Eyf 7BN/tPD0/pyfr99cvaqFLGEzlS83RYJkMa9EylEy1eDlSVpGrywAh+E kG6SI3AUmYCw4Z1hgdipmtRKJWIWBdJSlaSGWRgpWWasdUEGTwRuJiOl R2rSuCHwPrL2pJAyBa6Esl1GmFgbbCWL3BxybPiQoj7/E6sEzW9oicq M8o/wCh+QLeHKX6eQTbmVcYK70hCD1s7iCUWhOkHVsIHEzGsdE7Tja0 tv9jZmU6nUWxlEelqtFNORjthFfuZ0T1RaKuwfGlF0HIEs4lv96JPBQz DM1eirPQ1rGWEFIM6zWxauP0cHO+fnh69ePLSbafRl5M41dXEsG6MzJ WYyhnp47uxKoSZpjYep8WIl8uz3AirSS3umua+TmO1TXuWPZbiTIDl5 HJGG5TXisZg81VdCDvF6/R3nClZYbaqgPwd+BlskStDZjDRuvehg6Oz /bOjly/e5T9xahW5D/1mVU+lEdMqtRY7GMzEY9pqIvYrowola7wJtX3S UhvsFLQKFartRA1hIqeSoa5y6Aiv8NbCFH5uUi/dmy+CX2FjQ51leup 068eR+Egca5mQLoOkIEVM04x8t1KmzuCaBT11LlzUOcLBQHk0UNZWYz VApSybCaMrC0eifcDwpaoyUvcGqR+S4Po72NBIJRuRUNEo6omLvSv8+J x+9OnHp/TjEf345AprsGPsAXGAmTraxOIwP8QqL6Hvxm1vOwmfX7lBz ZCouXpggoacmO4GZAILKKcTA12oHgU2BbVKInFuVFdOAfX9WCO+dMm6 2WyW+O3H0WdLe24FeJjKgg1igYhQOkJeDymkTB2PhSR4QaA0qlZwYZ7c eG9VRZxpQhAYpJQV4HOsTGqitnIgU2ZIJAkuC2OxLYc4ucY6j+WZ+l4 YwKPKTSS+QoDVleKF1gwkASgeRbtis7+7+/n27sfb/d2tlm9ijU65Y2 SlqlIMJtHdeLMKMdK+C2BoD15OSA9OEdgTMMLLSIuu4w8R2SK1yKRDBC n/c5H69NX+ybOjg1Px6vB4/+zw8a2I7cJQN4YvcAdwcjXnfJLGNxTPS DsZ1M7zl9KON80WITnuwLiV8K/yimCFioPR3zT0/nweRTsQvLOgix9L NdpZkFxSLmSmlVA3gAhSnUEwOZfRxQPbQJYpVZwOZ/S2URwhGK44EbG 1CyAZIvwyhafUiQqT00Ieu8U/9bcOm5nmEZbUi2g5vagsRov1kFaAf5r TFGfpxsuRaUqDlN2jnENjOUi0j1S+abaioI4bCOJQA4hJQhPyfzJxlZ J/ux2lS8M67wyjTRQPR04+GcCNgT80w6KO1Xju34PRVGn+f5gKC4F9O L+HTd7KLhIpVxzICiw0c8F9qsA8bIpofCXH9k0kjohvMMD/rk4rUn4Lo MJSeqIca6vxW9l4ac8VmIGUnwSaO6CBltWJcgKx23Ah3oEXLQfbL5yj jrROhOPYpNxbMLJxzi56lJcuVQUVCyYmvOq+2iAtfqNgMfFKxZNEjjN 4TAqI9gsc6rr4KTCDoZiQAFbuO5rSc4kxEBW4O1G2HJStBxguaUWN6uk p0F6WyL94O4GMEno1cZWWVmySG2x5JhB1RBKfIpFBohEtx8JzjnXhgl 1QtPOiorw0YjNXVtIsQbLhlIdcb5CHwVfghDXHBxMJGBxBWWyzjyB8R nhmKI0ghV2r2AI8PFXh5fbC1DktHZNy/rREDFOby7IkBuqmxYDl+rac9 xBfIco3RbgRkV4dQyDTmGhJWzZ+lCMQjtnGziCrK4QekmaiKvIBuEfG pIpTm0L0YKeSBSkiBgZWq0CFEJ/wc6PYJpxsTPqGCCEZ9gfEDM0Ierb izkIOiLww6iRDigasN/Pl223fsfWIXaf1ktlxOahJaM/3z569i3bK3EA VY4KpfbhLCdepGkbHdJlWs59j/7Tm53hXee4jTnWcKjtzpg2sHYJQZD U1DruvnqqK/vAFmCEDAGNlRjollBN5I9cr6UVTKtD8fpXNwoyCxYGCl oosU2ZyRmYpFSgyrUeLPSox2etqQ2z4GiqmyUoaPYBtUCvw7nQcw8Zh HbBWDi9ISZoAzDmdsktD92+b8Mv+I54MVSjgJPP8OKwZq4FvwbWVo2zt JcBhOpVQQY6ZMQNONPwlCPlglrYEzxZBuwWfH8i1/GJW/cfM8sGic5P eslpnZrH67hCUbOVuwjepVm/dtHJAnnjTqzgW+6o30HqCu6YHgKO1L1 qs7fTk8OBo//joH0HYjo9Oz97p8NlII++N8zTm3Lz8866q60SRSb8DFU mxetbgKz1CMGjxFd7SjsNSGe49c1m8Fm3ZwMHrtNIFqR7eD+cnWB6wn 4S3mJMHcCBMZM9/i4y02EaYW6Jb3nGlx1NiDK0Xqc51a+Kow1twUNuZ OEJxKV68PLs9KWQ1r7eFeokJqWgphvS3OZgti3AUSmNdAbp11VZ1XzWv HoyrFLFRYsSTFE/1FsVEKDY5CDxLBPlTCaEcJ7ZGllufoG6XM483hOm gUkOoOP80t7nTgnIkdg0JwR0g4R3sPSkIcsIdbvSBgdW4gG+VcNOFwI amzuWMZJFSNitFXaFrhbqzUEBVXk9O2BKjptR5+kYOMrXVXdFNu9gnk5 2+keaN+FoW2rzXsogvLaMNgfb0xfPDF+8OM24Frq/cmyVmnBUrYEGAi yRN0fgEQDgRzyn8soGMxw+cTbvslG6SdL8rG4+96dOc7MopiF0Qe0lk lQSK5kY5Nu7gpe3Tph0pA07tpEXwBVkx76ZxqPVD0wk7qLjCrIBzkdh3 XhvqlTClJXMQ71aFqjzmEtNKiSnEE+6juNKm1DA42V1mDOiuVzKo9AR I5CsBuENJzuqHID9lKXTg2zNgKZ7FgDgR06qZiFEdY7DKYsR5RYJAUj sAMph3EWcc0wYTsemzLdcbGfiL7QSRi/agefIxpGGenDYpGPCjlmnem a/amcqT3XdG2QcGFC2CHbZpiflmwBJc1O8K5xBDmacZa7HhJ7xtP2Xtt LU0orqLIxBsBQ6I9Ae2pGAF1oyvhXo0wzgdkSG95aJ2Djv/6snR0/NX h92oCg2HlyfUQKSumNFxp3z1cPXlUKIA71Eu/dLRCKKcvUwOVMY3zbB HGcNfX81NPUDCCIX7T0ikxjp1b0nmcuh9V1S6P8nmvXbuPLVEu5Bb6lE GrRzoeAxD9MgvyAZUcVTEu8GmYkWWpmyDFOXEIZM5idaBsG9xOsKeUl YA0ypG3KBNQ5+HUcBVLaQqmIY8kxmmoc6fY0lNinBlNDeG05vM3iAxi Wcgq3DDXmdfoeZ1ONPt/xHfM2L/RhEhzkGUhypLLEDKq5HGN5UGZ6BwH tHhfg/EmM4mfJURcpDvHWC/PNKFt6vKqI5qZS2nsh0Xi60UpgP9dWIQ y3gh75Fn+8qMlVZcA2haO8b6Nzp+sNEkkNDSkdcyzXg61Mex6iosRPJ e9HFP9Hd3H+3sfrLT/8yndywkbIm6vKq67iqDG+63tRHdKgwOYOWaXCP UIr58XNrLVWTwKklNFzC3oSCPdhWp7x75u87FuVTjd1zoU4upkg3uu6 KSZ7Gux+xMVDuv5sMcYKtXaJIOh4qarm3ddBVpkDRQSCROWOucxwe7K 83HktrnitCaVJ64Kuk9CUp78g8DUjewBVNPjl/u30r8HeoeQonyebh2U YzyB6hoEOI+gSnK6NgpXuvHOvMI0mHgd5CCOyhB1CXhntSR9YdqGnze dzNo4pCeJ0AglfU8HkGLcAD26DbSsLPRcQYKRYdSYTjYGFf5ToCull0 C6hj5Plqiaw5JPqt0dNU4ACNRo5rohfVeM1BNPCS0p5oyOYqBwtGcJZW JubygAxpJcedmC1MwEgRxBK50tJI6tVO+91rvLIyNxaCLq6+w8qnrf0 q7oiy4K3FwxPTeo1aHnzuYDYqGww5vCIdkngvwmR6xW91u3aZF04vhb pA/UQuHSgOiTKZ2TUfaO5whL/kANJcJb5ZwuLMCPhyxnVxB/SN3MPO+w fMB3bswN8VKOyCMdUangAjXd9Wap+kotbh1BoPQCU3Xp0dg/SbYwjNc OUiZAGL3ib7b0TxODrS11O0Y+pY2BHrCQgDmoAtlWCQ23SHbhv9SwPn Ew8XF3w6uNrzXNl0Kai8azrDtTugWd4olVTGtk1xPraiLMixASfSUF0g b0R7T3NICGaC1NqxD8IiwC7+1zTbJb0Wl81OBvMD7yqmrdq26g7e8dl Mu1AHW0kC/rQNR54yVIvso41pa1BtlV/ZqDBO6ErTStaXeIG+fajZSF Z1KkzRiIK7b3K1Pge2+3/9Wab+XVk7wQ7yC2j9U2E6hXr3hQxO3nuBq d1bnjEQQdRnGmEla8nmGrUB9xyiPXCeAElGecuJk1YRE4HiM6xiTwUO/ uHlWAY0ybiqaFT9vMXDOw7TWMJkTaKuZczN5rZEzuAkHQVHYOdXWBCb LoojPCkErEg5TOtFPE1aD53KNDTfZzW/H7lu6GJ6cpJbCuqTijAOHVz SVM+Y3flEB4PyKGquwJwWk8bPMuMZrU14SdISaC4Db4/HP6eiiALkdjX WWP5AiGWQsEaIC8Op8sPxgQElLvXliJEMKnfak0HNYzxfdVt5S6OJug P0AOG0Jc/xjpRTynNAdhot2/VKAnVdAAXM1B69iIbScy0zZy+c/6Cod 8dGHl3Dpf9MbyO9q6qFqHh4sLvpXF5fUebm5mt8h4OJe/2p+r79o6qEw 6V0g/7XMoeLHqDypWHweH8g6U2A9X6vhUDzVWTJQlTtfoVbQSlGxkhJ 8Y8h32qf0qUtgrKh2f6wLzrzOZVqlsKs2REuBnolGNJf3Wf8BltkxTK xTLNpzao4xR/Zz5GQOPc7+9AEbY6M/13G1SJOCqD3R5J/St668rJUR4S sOAt1lJVQ1bIYA0PfRGTtzoM41z+QTY2uugJKA5fBVRs+fJbuvxlotg vaJNbcsL/1h/8n5WQNtDtJce26I5az0CZqzH1e4YgTpCibjlqvLube+ onClQ3DbZgnDxpVcAyJUcs1dPsLYoGGQvuGPqDl+/dHalBGQzcPVg1Pg kghTR8ClGDvVeC+e+AMu7b4Y87mTdC+FydLR2OescCjF3U9GXVOPAIn WtYm8+GahsALQ0jguKD6LfhPtbbnMz2rwbsArrxEXS6NnhIu+DRekkq Pd4WfbgvsN6dBL4g6dswrltTGdlTrNooxDUVgHmhEC/eJqvoh8oASATh wc21npy/1cTlh0d+ADc1s0txC0q3aXuY1chSgHsVnkRXD3PKVWJLWMJ qu+lKTGNxAbjWDaJv2ET4Ba5R2bglqLTXUZPh1yQOnqsEEQRwD8pOm5 kIQvukhJD8iCl+HiNkyGJ3fhZHh2ERCy6a94Akve5bbeNOeZGKQ+69zS qgkup0Qzc2CX7Keku0g8qSuiW9Qa56kq1fkqiqomdwazDDUqLZvek3h IDSMOqIccpS1XDqwnSZqeB41oTEQggHWuuGmo55iOU06EU1da+hqTwt vxE++6y7K9I3uTmWgHopfjckJMBMxW09VhCgDk5iZErHbUDRAg5doxuE IDFe4YiUtheiW0r+5O5C1scrUWTWfNHaT0PRlpkNb0NRpYfmve73wE6 ipio0P4rN8P354VnTzQE0ZSV1G3R1Mt4w/eXwVdGZdmmO6tZpp24/bk 8ZOeOH91LPZfPBbPfjg5fHV89OKbd52N1FVGkYBf7/GhJ5cTTSHlDiaa Tz+GnKWaVhkZgU+W6Q8sCT4XJvnpw2Py5Q/59uYDKw4shDoLqLMYR3t gbFU2z2ev8es1hdkiWj0stuO8e1R0w5/A4577tpX/mqP6m4wqJLfFvB oNFvPdqN8Tu9Gn9KN/x7uDrFatV/3rn62cVYUPFek2Xxtl63K+/ksWB G1PTA9/oDjkG182q8Bd+uBjeZfmw00acusm9t69t74IbhXqAPexaKaKk R2Hgwl36oQwrVCjA1J8KTRNE7zjv7xit2tLIkzpFp8yI1/iI3nkZp9L /CdIKJDDPyfpjDHU57EBsZWm14kcyaMJP0a+RFn9wLv1pTIhyuZ5gZT dfJLnv6Q1k6VA7SMuwByVYdi4D07+8AxQVrjKzpWVuOo54lJXVN9trd/ 6KqEyQ+7DhGPfAdAR5gV1dj5Nm2SDhztzXW67r10KZbfdR+ZG5ek2oU cdb1vyx/X7952qzybpG3GSxpYzCG7gQWcNNp28cT5NV1k6QGE7m/OB0 U2v1IbxCFrsDVPbw6xxr+Sjj8K0ZnmemhgsUhZK1+bOacDqUGHoKY265 FxNDkKH5PODxcXe1fzv55djuOmvF+X83t7i7+a/5j8X9FHF64/u7a3+ Z43bF9/2o73daO8ffnPvt33/Hzl+sfY3axtrm2t7a5+u/Xbt2drJ2vl avPYfa/+19t9r/9P/p/6/9P+1/2/u1Z//zI/567XOv/6//y+iYLu5</l atexit>
T11 =
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
2<latexit sha1_base64="yaNqcx3EZXwccALfwc+3FjZ7ACY=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3N reKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8K w86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b //L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwccALfwc+3FjZ7ACY=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3N reKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8K w86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b //L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwccALfwc+3FjZ7ACY=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3N reKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8K w86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b //L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit><latexit sha1_base64="yaNqcx3EZXwccALfwc+3FjZ7ACY=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3N reKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILXdYriD7ul51vSpENkI1x3Vy4ta8K w86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b //L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxtllWU=</latexit>
1<latexit sha1_base64="6Zf/tgITomtq62SivrFJUx3DsEA=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2 t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmX XkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u /Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgITomtq62SivrFJUx3DsEA=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2 t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmX XkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u /Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit><latexit sha1_base64="6Zf/tgITomtq62SivrFJUx3DsEA=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4Gibj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwp7TgfVmFjc2 t7p7hb2ts/ODwqH590VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBtMbvJ5955KxRJxp6cp9WM8EixiBGsjtdCwXHHs63rV9arQsR2nhlyUE7fmX XkQGSVHBazQHJY/B2FCspgKTThWqo+cVPszLDUjnM5Lg0zRFJMJHtG+oQLHVPmzxaFzeGGUEEaJNE9ouFB/JmY4VmoaB8YZYz1Wa7NQ5aH5b39u /Mvfz3RU92dMpJmmgiyXRxmHOoF5EzBkkhLNp4ZgIpm5H5Ixlpho01fJFPP9e/g/6bg2cmzU8ioNd1VREZyBc3AJEKiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9CxnNlWQ=</latexit>
3
<latexit sha1_base64="VTzPnKIVIGfK8lhWimKAEq0rOL4=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3N reKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPmejWIbITqjuvkxK17V Q86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83 /uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKDgATyCJ+ veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKIVIGfK8lhWimKAEq0rOL4=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3N reKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPmejWIbITqjuvkxK17V Q86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83 /uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKDgATyCJ+ veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit><latexit sha1_base64="VTzPnKIVIGfK8lhWimKAEq0rOL4=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLToa27ghuXLdgHtEPJZDJtaCYzJBmhlPoDbvUP3Ilb/8Uf8DvMtBVU9EDgcO453JsTpJwpjdC7VdjY3N reKe6W9vYPDo/KxyddlWSS0A5JeCL7AVaUM0E7mmlO+6mkOA447QXT63zeu6NSsUTc6llK/RiPBYsYwdpI7eqoXEH2VaPmejWIbITqjuvkxK17V Q86RslRAWu0RuWPYZiQLKZCE46VGjgo1f4cS80Ip4vSMFM0xWSKx3RgqMAxVf58eegCXhglhFEizRMaLtXviTmOlZrFgXHGWE/Uj1mo8tDitz83 /uUfZDpq+HMm0kxTQVbLo4xDncC8CRgySYnmM0MwkczcD8kES0y06atkivn6PfyfdF3bQbbT9ipNd11REZyBc3AJHFAHTXADWqADCKDgATyCJ+ veerZerNeVtWCtM6fgB6y3Txz9lWY=</latexit>
4<latexit sha1_base64="p62khEG7bzgQcfxmytS6gJvkILo=">AAAB /HicdVDLSgMxFM3UV62vqks3wSK4GjLj0NZdwY3LFuwD2qFkMpk2NJMZkoxQSv0Bt/oH7sSt/+IP+B1m2gpW9EDgcO453JsTpJwpjdCHVdjY3N reKe6W9vYPDo/KxycdlWSS0DZJeCJ7AVaUM0HbmmlOe6mkOA447QaTm3zevadSsUTc6WlK/RiPBIsYwdpILW9YriD7ul51vSpENkI1x3Vy4ta8K w86RslRASs0h+XPQZiQLKZCE46V6jso1f4MS80Ip/PSIFM0xWSCR7RvqMAxVf5scegcXhglhFEizRMaLtSfiRmOlZrGgXHGWI/V2ixUeWj+258b //L3Mx3V/RkTaaapIMvlUcahTmDeBAyZpETzqSGYSGbuh2SMJSba9FUyxXz/Hv5POq7tINtpeZWGu6qoCM7AObgEDqiBBrgFTdAGBFDwCJ7As/ VgvViv1tvSWrBWmVOwBuv9Cx6VlWc=</latexit><latexit sha1_base64="Go413ATjuVbS32qBm8VQzETMmGs=">AAAB +HicdVDLSsNAFJ34rPFV3boZLIKrMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nza3t mt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2/DpGDUMP13JJ4Df/Kh 65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UWuzSJWh+W9/afzL P8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8AxerEfr1X pbGjesVeIUrMF6/wKPOJQp</latexit><latexit sha1_base64="Go413ATjuVbS32qBm8VQzETMmGs=">AAAB +HicdVDLSsNAFJ34rPFV3boZLIKrMImhrbuCG5cV7APaUCaTSTt0MgkzE6GE+gNu9Q/cufVn/AG/w0lbwYoeGDicew73zgkzzpRG6MPa2Nza3t mt7Nn7B4dHx1X7pKvSXBLaISlPZT/EinImaEczzWk/kxQnIae9cHpTznsPVCqWins9y2iQ4LFgMSNYG+nOH1VryLlu1j2/DpGDUMP13JJ4Df/Kh 65RStTACu1R9XMYpSRPqNCEY6UGLsp0UGCpGeF0bg9zRTNMpnhMB4YKnFAVFItD5/DCKBGMU2me0HCh/kwUOFFqloTGmWA9UWuzSJWh+W9/afzL P8h13AwKJrJcU0GWy+OcQ53CsgkYMUmJ5jNDMJHM3A/JBEtMtOnLNsV8/x7+T7qe4yLHrbW8VUEVcAbOwSVwQQO0wC1ogw4ggIIn8AxerEfr1X pbGjesVeIUrMF6/wKPOJQp</latexit>
5
<latexit sha1_base64="cuf1eLvbJVKFvIAn0jh7wM/JM3c=">AAAB /HicdVDNSgMxGMzWv1r/qh69BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39 jcKm6Xdnb39g/Kh0cdFaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad +FBxyg5KmCJ5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c +Je/l+ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit><latexit sha1_base64="cuf1eLvbJVKFvIAn0jh7wM/JM3c=">AAAB /HicdVDNSgMxGMzWv1r/qh69BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39 jcKm6Xdnb39g/Kh0cdFaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad +FBxyg5KmCJ5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c +Je/l+ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit><latexit sha1_base64="cuf1eLvbJVKFvIAn0jh7wM/JM3c=">AAAB /HicdVDNSgMxGMzWv1r/qh69BIvgacmua1tvBS8eW7C10C4lm03b0Gx2SbJCWeoLeNU38CZefRdfwOcw21awogOBYb4Zvi8TJJwpjdCHVVhb39 jcKm6Xdnb39g/Kh0cdFaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo4vQsm1/n87p5KxWJxq6cJ9SM8EmzICNZGal0OyhVkX9WrrleFyEao5rhOTtyad +FBxyg5KmCJ5qD82Q9jkkZUaMKxUj0HJdrPsNSMcDor9VNFE0wmeER7hgocUeVn80Nn8MwoIRzG0jyh4Vz9mchwpNQ0CowzwnqsVmahykOz3/7c +Je/l+ph3c+YSFJNBVksH6Yc6hjmTcCQSUo0nxqCiWTmfkjGWGKiTV8lU8z37+H/pOPaDrKdlldpuMuKiuAEnIJz4IAaaIAb0ARtQAAFj+AJPF sP1ov1ar0trAVrmTkGK7DevwAgLZVo</latexit>
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The super-message matrix M will be obtained by concatenating all the code segments, as given in (48). Finally,
the code will be obtained by multiplying this super-message matrix by the encoder matrix Ψ, i.e., C = Ψ ·M, and
the i-the row of C will be stored in node i.
A. Data Recovery
Consider the data recovery from an arbitrary subset of k = 4 nodes, say nodes in K = {3, 5, 7, 8}. By downloading
and stacking the content of nodes in K, we obtain Ψ[K, :] ·M. Here Ψ[K, :] is the k×d sub-matrix of Ψ consisting
of rows indexed by i ∈ K. Unlike the (n, k = d, d) signed determinant codes, this matrix is not square, and hence
is not invertible. So, we cannot simply multiply retrieve M from Ψ[K, :] ·M. Nevertheless, using properties of
the encoder matrix in Definition 2, Ψ[K, :] can be decomposed to Ψ[K, :] =
[
Γ[K, :]
∣∣∣Υ[K, :]], where Γ[K, :] is an
invertible matrix. Multiplying the Ψ[K, :] ·M matrix by Γ[K, :]−1, we get
Γ[K, :]−1 · (ΨK ·M)
= Γ[K, :]−1 ·
[
Γ[K, :]
∣∣∣Υ[K, :]] ·M
=
[
Ik×k
∣∣∣Γ[K, :]−1Υ[K, :]] ·
 T0 T1 · · · T14
T0 T1 · · · T14

=
[
T0 + Γ[K, :]−1·Υ[K, :] ·T0 T1 + Γ[K, :]−1·Υ[K, :] ·T1 · · · T14 + Γ[K, :]−1·Υ[K, :] ·T14
]
.
(57)
Our ultimate goal is to recover all entries of M from this equation.
We start with code segments at the lower level of the injection tree in Fig. 4, i.e., code segments with mode
zero, namely, T6, . . . ,T14. Note that T6 = T7 = · · · = T14 = 0, since no injection takes place in the bottom part
message matrices of mode m = 0 (for instance see ∆ 5,{6}←−−−T2 in (56)). Therefore,
Ti + Γ[K, :]−1 ·Υ[K, :] ·Ti = Ti + Γ[K, :]−1 ·Υ[K, :] · 0 = Ti,
for i = 6, . . . , 14, which implies the top parts Ti for i = 16, . . . , 14 can be retrieved from (57).
Next, we decode the message matrix of code segments with mode 1. Without loss of generality, consider T5.
Recall from (51) and (52) that [T5]5,{5} = [T5]5,{6} = [T5]6,{5} = [T5]6,{6} = 0. That is, the bottom parts of
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columns {5} and {6} of T5 indicated by are zero, and hence, the top parts of these columns can be recovered
from (57). Then we can use the parity equation (7) to recover the remaining symbols in T5: w
〈5〉
5,{1,5} = w
〈5〉
1,{1,5},
w
〈5〉
5,{2,5} = w
〈5〉
2,{2,5}, etc. Once T5 is fully decoded, we can remove its contribution from T5+Γ[K, :]−1 ·Υ[K, :]·T5,
and recover entries of T5. Note that T4 can be decoded in a similar fashion.
The next step consists of decoding message matrices of code segments with mode 2, i.e., T1, T2, and T3.
Here we focus on decoding T2 for the sake of illustration. First, recall the partitioning of symbols in T2 given in
(55), and the fact that symbols in G1(T2) are zero. Moreover, symbols in G3(T2) ∪ G4(T2) are injected into code
segments T9, T10, and T11, and can be recovered from the decoding of the lower mode codes. Therefore, the
bottom parts of columns {1, 6}, {2, 6}, {3, 6}, {4, 6}, and {5, 6} are known. From the bottom part and the collected
information for data recovery T2 + Γ[K, :]−1 ·Υ[K, :] ·T2 we can also decode the top part of these columns. We
scan the columns of T2 (in (53) and (54)) from right to left, to find the first not-yet-decoded column of T2, that
is {4, 5}. Note that the entry of T2 at position (6, {4, 5}) is given by
[T2]6,{4,5} =
[
T2 6,{6}←−−−T0
]
6,{4,5}
=
[
T2 6,{6}←−−−T0
]
6,{4,5}
+
[
∆ 6,{6}←−−−T0
]
6,{4,5}
= (−1)σT2 (6)w〈2〉6,{4,5,6} + 0.
So, it suffice to find w〈2〉6,{4,5,6}, which can be obtained from the parity equation
w
〈2〉
6,{4,5,6} = −w〈2〉4,{4,5,6} + w〈2〉5,{4,5,6} = −(−1)σT2 (4) [T2]4,{5,6} + (−1)σT2 (5) [T2]5,{4,6} .
Note that the latter symbols are located in columns {5, 6} and {4, 6}, which are already decoded. After decoding
[T2]6,{4,5}, the entire column {4, 5} can be recovered.
Then we proceed with the recovery of not-yet-decoded columns. A similar procedure will be applied to column
{3, 5}. However, the decoding of column {3, 4} is more challenging, since we have two uncoded symbols, namely,
[T2]5,{3,4} = w
〈2〉
5,{3,4,5} + v
〈0〉
6,{3,4,5,6}, (58)
[T2]6,{3,4} = w
〈2〉
6,{3,4,6}. (59)
First note that w〈2〉6,{3,4,6} can be found from the parity equation
w
〈2〉
6,{3,4,6} = −w〈2〉3,{3,4,6} + w〈2〉4,{3,4,6} = −(−1)σT2 (3) [T2]3,{4,6} + (−1)σT2 (4) [T2]4,{3,6} ,
since columns {4, 6} and {3, 6} are already decoded. The first term in (58) can be also found in a similar manner.
We have
w
〈2〉
5,{3,4,5} = −w〈2〉3,{3,4,5} + w〈2〉4,{3,4,5} = −(−1)σT2 (3) [T2]3,{4,5} + (−1)σT2 (4) [T2]4,{3,5} , (60)
where the latter symbols are located in columns {4, 5} and {3, 5}, and hence already decoded.
In order to find the second term in (58), one should note that the injection of v〈0〉6,{3,4,5,6} is secondary, and the
same symbol is also primarily injected into position (4, {3}) of code segment T5 (see (52)), i.e.,
[T5]4,{3} = w
〈5〉
4,{3,4} − v〈0〉6,{3,4,5,6}. (61)
Recall that mode (T5) = 1 < 2 = mode (T2), and hence T5 is already decoded. Hence, we have
w
〈5〉
4,{3,4} = w
〈5〉
3,{3,4} = (−1)σT5 (3) [T5]3,{4} . (62)
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Therefore, we can retrieve w〈5〉4,{3,4} from (62), and plug it into (61) to obtain v
〈0〉
6,{3,4,5,6}. Combining this with (60),
we can decode both [T2]5,{3,4} and [T2]6,{3,4}. Upon decoding the bottom part of column {3, 4}, its top part can
be recovered as before. Repeating a similar procedure we can decode all the columns of T2. Once all three code
segments of mode 1, i.e., T1, T2, and T3 are decoded, we can proceed to the recovery of the root code segment
T0.
B. Node Exact Repair
Assume a node f fails, and its codeword needs to be repaired using the repair data received from a set of helper
nodes, say H with |H| = d. The repair data sent by each helper node is simply the collection of the repair data
sent for each code segment. Here each helper node h ∈ H sends ⋃14i=0{Ψh ·Ti ·Ξf,(mi)} to node f , where mi is
the mode of code Ti, e.g., m0 = 4.
The content of node f will be reconstructed segment by segment. In contrast to the data recovery, the repair
process is a top-to-bottom process. The process starts from the codeword segment (corresponding to the code
segment with mode µ located at the root of the injection tree) of the failed node f . Note that no symbol is injected
into T0 = T0, and hence the repair of the first α(4) = 15 symbols of node f is identical to that of a signed
determinant code, as described in Proposition 2.
Once the segment corresponding to T0 is repaired, we can proceed with the codeword segments corresponding
to the child codes in the injection tree.
Let us focus on the repair of the symbol at position {2, 3} of the codeword segment corresponding to T2, i.e.,[
Ψf ·T2
]
{2,3}
=ψf,1w
〈2〉
1,{1,2,3} + ψf,2v
〈2〉
2,{2,3} + ψf,3v
〈2〉
3,{2,3} + ψf,4
(
w
〈2〉
4,{2,3,4} + v
〈0〉
6,{2,3,4,6}
)
+ ψf,5
(
w
〈2〉
5,{2,3,5} + v
〈0〉
6,{2,3,5,6}
)
+ ψf,6w
〈2〉
6,{2,3,6} (63)
Upon receiving the repair symbols, node f recovers Rf (T2) = T2 ·Ξf,(2), where Ξf,(2) is defined in (9). Following
(26) for J = {2, 3}, we first obtain∑
x∈{2,3}
(−1)σT2 (x)+ind{2,3}(x)[Rf (T2)]x,{2,3}\{x} = −
[
Rf (T2)
]
2,{3} +
[
Rf (T2)
]
3,{2}
= −
∑
L⊆[6]
|L|=2
[T2]2,LΞ
f,(2)
L,{3} +
∑
L⊆[6]
|L|=2
[T2]3,LΞ
f,(2)
L,{2}
= −
∑
y∈{1,2,4,5,6}
[T2]2,{y,3}Ξ
f,(2)
{y,3},{3} +
∑
y∈{1,3,4,5,6}
[T2]3,{y,2}Ξ
f,(2)
{y,2},{2}
= −
(
−ψf,1w〈2〉2,{1,2,3} − ψf,2v〈2〉2,{2,3} + ψf,4w〈2〉2,{2,3,4} + ψf,5w〈2〉2,{2,3,5} + ψf,6w〈2〉2,{2,3,6}
)
+
(
−ψf,1
(
w
〈2〉
3,{1,2,3} + v
〈0〉
6,{1,2,3,6}
)
+ ψf,3v
〈2〉
3,{2,3} + ψf,4w
〈2〉
3,{2,3,4} + ψf,5w
〈2〉
3,{2,3,5} + ψf,6w
〈2〉
3,{2,3,6}
)
= ψf,1w
〈2〉
1,{1,2,3} + ψf,2v
〈2〉
2,{2,3} + ψf,3v
〈2〉
3,{2,3} + ψf,4w
〈2〉
4,{2,3,4}
+ ψf,5w
〈2〉
5,{2,3,5} + ψf,6w
〈2〉
6,{2,3,6} − ψf,1v〈0〉6,{1,2,3,6} (64)
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Comparing (63) and (64), we obtain[
Ψf ·T2
]
{2,3}
−
∑
x∈{2,3}
(−1)+σT2 (x)+ind{2,3}(x)[Rf (T2)]x,{2,3}\{x}
= ψf,1v
〈0〉
6,{1,2,3,6} + ψf,4v
〈0〉
6,{2,3,4,6} + ψf,5v
〈0〉
6,{2,3,5,6}. (65)
That means, the code segment T2 cannot be individually repaired. However, all the three terms in the difference
above are symbols of the code segment T0. Interestingly, the repair space of the parent code T0 at position
(b,J ∪ B) = (6, {2, 3, 6}) includes
−[Rf (T0)]6,{2,3,6} = −[Rf (T0)]6,{2,3}∪{6}
= −
∑
L⊆[6]
|L|=4
[T0]6,LΞ
f,(4)
L,{2,3,6}
= −
∑
y∈{1,4,5}
[T0]6,{y,2,3,6}Ξ
f,(4)
{y,2,3,6},{2,3,6}
= ψf,1v
〈4〉
6,{1,2,3,6} + ψf,4v
〈4〉
6,{2,3,4,6} + ψf,5v
〈4〉
6,{2,3,5,6}. (66)
Therefore, summing up (64) and (66), we can exactly recover the missing symbol in (63). A similar procedure can
be used to repair all the other symbols and codeword segments of the failed node f .
VIII. PROOFS OF THE MAIN PROPOSITIONS
A. Data Recovery: Proof of Proposition 4
Consider an arbitrary subset of nodes K ⊆ [n] with |K| = k. Let Ψ[K, :] denote the k× d sub-matrix formed by
collecting corresponding k rows of Ψ. The collection of coded symbols stored in these k nodes can be written as
Ψ[K, :] ·M. The goal is to recover the original message super-matrix M from the observed data Ψ[K, :] ·M.
The message super-matrix M consists of several code segments such as T, each operating at a mode m =
mode (T). The message matrix T of a code segment operating at mode m is a d × αm matrix and can be
partitioned into T and T, corresponding to the top k and bottom (d−k) rows of T, respectively. The data recovery
is a bottom-to-top process. More precisely, we start by recovering the data symbols in the code segments at the
lowest level of the injection tree (with the smallest mode) and proceed to the parent code segments, until we reach
to the code segment at the root of the injection tree.
The message matrix T is a combination of an original signed determinant code T and the symbols injected from
the parent code of T, namely P. More precisely,
T b,B←−−P = T b,B←−−P + ∆ b,B←−−P.
By decoding this segment, we mean decoding the entries of T, i.e., the combination of the original symbols and
the injected symbols. The following lemma indicates the injected symbols can be easily separated from the original
symbols.
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Lemma 3. If a code segment T = T b,B←−−P = T b,B←−−P + ∆ b,B←−−P is decoded (all entries of T are retrieved), then
the symbols of the original signed determinant code T b,B←−−P and the injected symbols ∆ b,B←−−P can be uniquely
extracted.
Proof of Lemma 3. Recall that there is redundancy among the entries of T. The claim on this lemma follows from
the fact that there is (at most) one injection into each parity group. To see that, recall (19), which implies an
injection into position (x,X ) of T takes place only if x > maxX . That means Tx,X should be last w-symbol in
the parity group {wy,X∪{x} : y ∈ X ∪ {x}}. More precisely, for a position (x,X ), with x ≤ maxX , we have[
∆ b,B←−−P
]
x,X
= 0,
[
T b,B←−−P
]
x,X
=
[
T b,B←−−P
]
x,X
.
Otherwise, if x > maxX , we have[
T b,B←−−P
]
x,X
= (−1)σT(x)wx,X∪{x} = (−1)σT(x)+|X |
∑
y∈X
(−1)indX (y)wy,X∪{x}
= (−1)σT(x)+|X |
∑
y∈X
(−1)σT(y)+indX (y)
[
T b,B←−−P
]
y,(X∪{x})\{y}
.
Finally, once
[
T b,B←−−P
]
x,X
is recovered, we can find the injected symbol from[
∆ b,B←−−P
]
x,X
=
[
T b,B←−−P
]
x,X
−
[
T b,B←−−P
]
x,X
.
Now consider an arbitrary code segment T. Note that the coded symbols in the codeword segment corresponding
to T can be represented as
Ψ[K, :] ·T =
[
Γ[K, :]
∣∣∣Υ[K, :]]
 T
T
 , (67)
where Γ[K, :] is an invertible matrix (see Condition (E1)). Multiplying both sides of (67) by Γ[K, :]−1, we get
Γ[K, :]−1 ·Ψ[K, :] ·T =
[
I
∣∣∣Γ[K, :]−1 ·Υ[K, :]]
 T
T
 = T + Γ[K, :]−1 ·Υ[K, :] ·T. (68)
Note that (68) holds for every column of T. More precisely, for a column of T labeled by X , the data collector
observes
TX + Γ[K, :]−1 ·Υ[K, :] ·TX , (69)
where TX is the k × 1 column and TX is a (d− k)× 1 column. Therefore, for each column TX upon decoding
TX , we can compute the term Γ[K, :]−1 ·Υ[K, :] · TX , and cancel it from (69) to obtain TX , and fully decode
TX .
The general decoding procedure includes the following stages:
(1) Recursive decoding across code segments, from segments with mode 0 to those with higher modes, until we
reach the root of the tree;
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(2) Within each code segment, we decode the columns recursively, according to the reverse lexicographical order;
For each column labeled by X , we do:
(2-i) We first decode the entries at the bottom part of column X belonging to G1(TX ) to zero.
(2-ii) The entries of the bottom part of column X that belong to either G3(TX ) or G4(TX ) will be decoded
using the child codes (who have a lower mode, and hence already decoded).
(2-iii) Then we decode the entries of the bottom part of column X belonging to group G2(TX ), using the child
codes and the parity equation. To this end, we need to use the symbols in columns Y where Y  X .
(2-iv) Once the lower part of column X is decoded, we can recover its upper by canceling TX from the
collected data in (69).
These stages are formally presented in Algorithm 1. We start with the following lemma, which guarantees that
the decoding procedure explained above can start.
Lemma 4. There is no injection to the bottom part of any code segment of mode 0.
Proof of Lemma 4. Consider a code with message matrix T with mode (T) = 0, which is introduced by its parent
P via injection pair (b,B). Note that the only column of T is indexed by ∅. According to (19), a possible injection
to position (x,∅) of T will be Pb,∅∪{x}∪B = Pb,{x}∪B (up to a sign). For a position in the lower part of T, we
have x ∈ [k + 1 : d]. This together with B ⊆ [k + 1 : d] implies that Pb,{x}∪B ∈ G1(P) (see Definition 3), and
hence, this symbol is set to zero, and not injected.
Based on this lemma, the stage (i) of decoding can be started, we recover symbols in the message matrices of
codes with mode 0. Next, consider decoding a code segment T with mode (T) = m. Assume that all the message
matrices with mode less than m, including all the child codes of T are already decoded. Stage (ii) of the decoding
procedure can be performed as follows.
Px,X ∈ G1(T): Recall that symbols in the first group are set to zero. Hence, no recovery is needed.
Px,X ∈ G3(T) ∪ G4(T): For a symbol Px,X in groups G3 or G4 we have
(1) no injection is performed to position (x,X ) of T.
(2) Tx,X is injected into a chide code Q of T, and hence, it can be recovered from the decoded child code.
To see (1), recall the injection equation (19), which implies a host position (x,X ) should satisfy x > maxX , which
is in contradiction with x ∈ X for G3 and with x < maxX for G4. Moreover, (2) is followed from Lemma 3.
The last column of the code segment message matrix T of mode m is labeled by X = [d−m+ 1 : d]. If a symbol
Tx,X in the lower (d − k) rows of this column belongs to group G2(T), then it should satisfy x > maxX = d,
which is not possible. This argument shows that the last column has no element from G2, and hence is fully decoded
as the only possible entries are from G1, G3 or G4.
Now, consider an arbitrary column X ⊆ [d] with |X | = m, and an element Tx,X ∈ G2, i.e., x ∈ [k + 1 : d] and
x > maxX . Our goal is to decode Tx,X . First, note that position (x,X ) may be hosting a (secondary) injection
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from the parent code P. According to (19) we have
Tx,X =
[
T b,B←−−P
]
x,X
=
[
T b,B←−−P
]
x,X
+ ∆ b,B←−−P
= (−1)σT(x)wx,X∪{x} + (−1)1+σP(x)+indX∪{x}∪B(x)Pb,X∪{x}∪B1{x/∈B,X∩B=∅} (70)
So, in order to decode Tx,X we need to find both Tx,X and the injected symbol Pb,X∪{x}∪B. However, note that
this injection is a secondary one for Pb,X∪{x}∪B, since the injection position is in the lower part of the child code.
This symbol is also primarily injected into another child code Q with mode satisfying
mode (Q) =
∣∣∣X ∪ {x} ∪ B∣∣∣− 1 (71)
=
∣∣X ∣∣+ ∣∣∣{x}∣∣∣+ ∣∣B∣∣− 1
=
∣∣X ∣∣− 1 (72)
<
∣∣X ∣∣
< |X | = mode (T) (73)
where (71) follows the primary injections in (20) and (22), (72) follows the facts that x ∈ [k + 1 : d] and B ⊆
[k + 1 : d], and (73) holds since columns of T are indexed by subsets of size |X |. Therefore, (73) immediately
implies the child code hosting the primary injection of Pb,X∪{x}∪B has a lower mode, and hence is already decoded
before we decode T. Therefore, the injected symbol Pb,X∪{x}∪B is known.
The second term in (70) can be decoded using the parity equation (7). Note that, wx,X∪{x} satisfies a parity
equation along with
{
wy,X∪{x} : y ∈ X
}
. Each w-symbol wy,X∪{x} is located in column Y = (X ∪{x})\{y}, i.e.,
y in X is replaced by x in Y . Since x > y, the lexicographical order between X and Y satisfies X ≺ Y . Therefore,
due to the recursive procedure, every symbol in column Y including Ty,Y is already decoded. This allows us to
retrieve Tx,X from
Tx,X = (−1)σT(x)+|X |+1
∑
y∈X
(−1)σT(y)+indX∪{x}(y)Tx,(X∪{x})\{y}.
Once both terms in (70) are found, we can decode Tx,X .
A similar decoding rule can be applied to each symbol in the lower part of column X that belongs to G2(T).
Once all symbols in TX are decoded, we can use (69) to obtain TX . This will complete the recovery of column
TX . Then we can proceed with the next column of T until the message matrix T is fully decoded.
B. Node Repair : Proof of Proposition 5
In this section, we will show that upon failure of any node, its content can be exactly reconstructed by accessing
d helper nodes and downloading β(d, k;µ) symbols from each. More formally, we prove that for any failed node
f ∈ [n], any symbol at position J of any code segment Q(m)
b,B←−−P of node f can be repaired using identity (26)
[
Ψf ·Q b,B←−−P
]
J
=
∑
x∈J
(−1)σQ(x)+indJ (x)[Rf (Q)]x,J\{x} −
[R
f (P)]b,J∪B if J ∩ B = ∅,
0 otherwise,
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Algorithm 1 Data Recovery algorithm
Input: contents stored in a set of k nodes K ⊆ [n].
Output: recovered data file (entries of the message matrix M).
1: Stack contents of k nodes to obtain Ψ[K, :] ·M.
2: for m← 0 to µ do
3: for code segment T with mode (T) = m do
4: P← Parent of T.
5: (b,B)← Injection Pair of T.
6: for X ⊆ [d] with |X | = m in the reveres lexicographical order do
7: AX ← Γ[K, :]−1 ·Ψ[K, :] ·TX .
8: for x ∈ [k + 1 : d] do . Recover the lower part of the matrix.
9: if X ⊆ [k + 1 : d] then . A symbol in G1.
10: Tˆx,X ← 0.
11: else if x ≤ maxX then . A symbol in G3 or G4.
12: Tˆx,X ← (−1)|X |
∑
y∈X (−1)σQ(y)+indX (y)
[
Q x,X←−−T
]
y,X\{y}
13: else . A symbol in G2.
14: if x /∈ B and X ∩ B = ∅ then . There is a secondary injection to Tx,X .
15:
[
∆ b,B←−−P
]
x,X
← (−1)|X |∑y∈X (−1)σQ(y)+indX (y) [Q b,X∪{x}∪B←−−−−−−−P]y,X\{y}
16:
[
∆ b,B←−−P
]
x,X
← (−1)1+σP(x)+ind{x}∪X∪B(x) ×
[
∆ b,B←−−P
]
x,X
17: else
18:
[
∆ b,B←−−P
]
x,X
← 0.
19: end if
20:
[
T b,B←−−P
]
x,X
← (−1)σT(x)+|X |∑y∈X (−1)σT(y)+indX∪{x}(y)Tˆx,(X∪{x})\{y}
21: Tˆx,X ←
[
∆ b,B←−−P
]
x,X
+
[
T b,B←−−P
]
x,X
.
22: end if
23: end for
24: for x ∈ [k] do . Recover the upper part of the matrix.
25: Tˆx,X ← Ax −
[
Γ[K, :]−1 ·Υ[K, :] · Tˆ
]
x
26: end for
27: end for
28: end for
29: end for
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where Rf (Q) is the repair space of the code segment Q, and Rf (P) is the repair space of its parent code segment.
Note that for positions J that have an overlap with B (the second injection parameter), the repair identity above
reduces to (11), and the repair will be performed as in an ordinary signed determinant code. For positions J which
are disjoint from B, the original repair equation has an interference caused by the injected symbols. However, this
interference can be canceled using the repair space of the parent code.
The formal proof of identity (26) is given in the following.
Proof of Proposition 5. Let node f fails, and its content needs to be repaired using the repair data received from
the helper nodes in H with |H| = d. The content of node f will be reconstructed segment by segment.
Consider a code segment Q = Q b,B←−−P, that is a determinant code with mode m and injection pair (b,B), into
which symbols from its parent code P with mode (P) = j are injected. Recall that the corresponding code segment
matrix can be written as
Q b,B←−−P = Q b,B←−−P + ∆ b,B←−−P,
where the first term is a signed determinant code and the second term indicates the contribution of injection. For
a given position J within this codeword segment, with J ⊆ [d] with |J | = m, the corresponding symbol of the
failed node is given by [
Ψf ·Q b,B←−−P
]
J
=
[
Ψf ·Q b,B←−−P
]
J
+
[
Ψf ·∆ b,B←−−P
]
J
.
As it is clear from (26), the repair of segment Q of the codeword of f will be performed similar to that of the
determinant codes using the repair space Rf (Q) = Q · Ξf,(m), together with a correction using the repair space
of the repair of the parent code, that is Rf (P) = P · Ξf,(j). Note that the latter correction will take care of the
deviation of the code segment from the standard determinant code which is caused by injection of the symbols
from the parent code P.
We start with the first term in the right-hand-side of (26), which is∑
x∈J
(−1)σQ(x)+indJ (x) [Rf (Q)]
x,J\{x} =
∑
x∈J
(−1)σQ(x)+indJ (x)
[
Q b,B←−−PΞ
f,(m)
]
x,J\{x}
=
∑
x∈J
(−1)σQ(x)+indJ (x)
[
Q b,B←−−PΞ
f,(m)
]
x,J\{x}
+
∑
x∈J
(−1)σQ(x)+indJ (x)
[
∆ b,B←−−PΞ
f,(m)
]
x,J\{x}
(74)
=
[
Ψf ·Q b,B←−−P
]
J
+
∑
x∈J
(−1)σQ(x)+indJ (x)
[
∆ b,B←−−PΞ
f,(m)
]
x,J\{x}
(75)
where (74) holds due to the linearity of the operations, and in (75) we used Proposition 2 for the repair of Q b,B←−−P
which is a (d;m) signed determinant code with signature vector σQ. Therefore, proving the claimed identity reduces
to show
Term1 − Term2 = Term3, (76)
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where
Term1 =
[
Ψf∆ b,B←−−P
]
J
Term2 =
∑
x∈J
(−1)σQ(x)+indJ (x)
[
∆ b,B←−−PΞ
f,(m)
]
x,J\{x}
Term3 = −
[
Rf (P)
]
b,J∪B 1 {J ∩ B = ∅} (77)
Note that all the data symbols appearing in (77) belong the parent code segment matrix P. We can distinguish the
following two cases in order to prove (76).
Case I: J ∩ B = ∅: Starting by Term1 we have
Term1 =
[
Ψf∆ b,B←−−P
]
J
=
∑
y∈[d]
ψf,y
[
∆ b,B←−−P
]
y,J
=
∑
y∈[maxJ+1:d]\B
ψf,y
[
∆ b,B←−−P
]
y,J
(78)
=
∑
y∈[maxJ+1:d]\(J∪B)
ψf,y
[
∆ b,B←−−P
]
y,J
(79)
=
∑
y∈[maxJ+1:d]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B, (80)
where (78) follows the definition of the injection symbols in (19) which implies a non-zero injection occurs at
position (y,J ) only if y > maxJ and y /∈ B; (79) holds since [maxJ + 1 : d]∩J = ∅; and in (80) we plugged
in the entries of ∆ b,B←−−P from (19).
Next, for Term2 we have
Term2 =
∑
x∈J
(−1)σQ(x)+indJ (x)
[
∆ b,B←−−PΞ
f,(m)
]
x,J\{x}
=
∑
x∈J
(−1)σQ(x)+indJ (x)
∑
L⊆[d]
|L|=m
[
∆ b,B←−−P
]
x,L
[
Ξf,(m)
]
L,J\{x}
=
∑
x∈J
(−1)σQ(x)+indJ (x)
∑
y∈[d]
y/∈J\{x}
[
∆ b,B←−−P
]
x,(J\{x})∪{y}
[
Ξf,(m)
]
(J\{x})∪{y},J\{x}
(81)
=
∑
x=maxJ
(−1)σQ(x)+indJ (x)
∑
y<x
y/∈(J∪B)
[
∆ b,B←−−P
]
x,(J\{x})∪{y}
[
Ξf,(m)
]
(J\{x})∪{y},J\{x}
(82)
= (−1)σQ(maxJ )+indJ (maxJ )
∑
y∈[maxJ ]\(J∪B)
[
∆ b,B←−−P
]
maxJ ,J∪{y}\{maxJ}
[
Ξf,(m)
]
J∪{y}\{maxJ},J\{maxJ}
(83)
= (−1)σQ(maxJ )+indJ (maxJ )
∑
y∈[maxJ ]\(J∪B)
{[
(−1)1+σP(maxJ )+indJ∪{y}∪B(maxJ )Pb,J∪{y}∪B
]
·
[
(−1)σQ(y)+ind(J\{maxJ})∪{y}(y)ψf,y
]}
. (84)
Note that in (81) we have used the definition of matrix Ξf,(m) in (9) that implies the entry in position (L,J \{x})
is non-zero only if L = (J \ {x}) ∪ {y} for some y /∈ J \ {x}. Moreover, (82) follows from the definition of
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injected entries in (19), which implies the entry of ∆ b,B←−−P at position (x, (J \ {x})∪ {y}) is non-zero only if all
the following conditions hold: x > max(J \ {x}) ∪ {y} ⇒ y < x and x > max(J \ {x}),((J \ {x}) ∪ {y}) ∩ B = ∅ ⇒ y /∈ B,
which together imply x = maxJ and y ∈ [maxJ ] \ (J ∪ B). In (84) the matrix entries are replaced from their
definitions in (9) and (19).
Next note that the overall sign in (84) can be simplified as follows. First, we have
σQ(maxJ ) + indJ (maxJ ) + σP(maxJ ) + indJ∪{y}∪B(maxJ )
=
[
1 + σP(maxJ ) + indB∪{maxJ}(maxJ )
]
+ indJ (maxJ ) + σP(maxJ ) + indJ∪{y}∪B(maxJ ) (85)
≡ 1 + indB∪{maxJ}(maxJ ) + indJ (maxJ ) + indJ∪{y}∪B(maxJ ) (mod 2)
= 1 + |{u ∈ B∪{maxJ } : u ≤ maxJ }|+ |{u ∈ J : u ≤ maxJ }|+ |{u ∈ J ∪ {y} ∪ B : u ≤ maxJ }| (86)
= 1 +
[
|{u ∈ B : u ≤ maxJ }|+ 1
]
+ |{u ∈ J : u ≤ maxJ }|+
[
|{u ∈ J ∪ B : u ≤ maxJ }|+ 1
]
(87)
= 3 + 2 |{u ∈ J ∪ B : u ≤ maxJ }| (88)
≡ 1 (mod 2), (89)
where (85) is due to the definition of the child code’s signature in (17); in (86) we plugged in the definition of
ind·(·) from (2); equality in (87) holds since y < maxJ = x; and (88) is due the fact that sets J and B are
disjoint. Similarly, we can write
σQ(y) + ind(J\{maxJ})∪{y}(y)
=
[
1 + σP(y) + indB∪{y}(y)
]
+ ind(J\{maxJ})∪{y}(y) (90)
= 1 + σP(y) + |{u ∈ B ∪ {y} : u ≤ y}|+ |{u ∈ (J \ {maxJ }) ∪ {y} : u ≤ y}| (91)
= 1 + σP(y) + |{u ∈ B ∪ {y} : u ≤ y}|+ |{u ∈ J ∪ {y} : u ≤ y}| (92)
= 1 + σP(y) + |{u ∈ J ∪ {y} ∪ B : u ≤ y}+ 1| (93)
≡ σP(y) + indJ∪B∪{y}(y) (mod 2), (94)
where in (90) we used the definition of the child code’s signature in (17); in (91) and (94) we plugged in the
definition of ind·(·) given in (2); equality in (92) follows the fact that y < maxJ ; and (93) holds since B and J
are disjoint sets.
Plugging (89) and (94) into (84) we get
Term2 = −
∑
y∈[maxJ ]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B. (95)
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Lastly, we have
−Term3 = −
[
Rf (P)
]
b,J∪B = −
[
P ·Ξf,(j)
]
b,J∪B
(96)
= −
∑
L⊆[d]
Pb,L · [Ξf,(j)]L,J∪B (97)
= −
∑
y∈[d]\(J∪B)
Pb,J∪{y}∪B ·
[
Ξf,(j)
]
J∪{y}∪B,J∪B
(98)
=
∑
y∈[d]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B (99)
=
∑
y∈[d]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B (100)
where (100) holds since an injection at position (b,J ∪ {y} ∪ B) of matrix P will be performed only if b >
max {J ∪ {y} ∪ B} which is in contradiction with b ≤ maxB, which is a required condition for the injection pair
(b,B) as specified in Condition (iii). Therefore, from (80) and (95) we get
Term1 − Term2 =
∑
y∈[maxJ+1:d]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B
+
∑
y∈[maxJ ]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B
=
∑
y∈[d]\(J∪B)
(−1)1+σP(y)+indJ∪{y}∪B(y)ψf,yPb,J∪{y}∪B = Term3,
which is the desired identity in (76).
Case II: J ∩ B 6= ∅: First note that each term in (78) consists of at entry from ∆ b,B←−−P a position (y,J ), which
is zero for J ∩ B 6= ∅. Therefore we have Term1 = 0.
Similarly, the entry of ∆ b,B←−−P at position (x, (J \ {x}) ∪ {y}) is non-zero only if ((J \ {x}) ∪ {y}) ∩ B = 0
and x /∈ B. This implies
0 = |((J \ {x}) ∪ {y}) ∩ B| ≥ |(J \ {x}) ∩ B| ≥ |J ∩ B| − |{x} ∩ B| = |J ∩ B| ≥ 1.
This contradiction implies that all the terms in (81) are zero, and hence Term2 = 0. Finally, Term3 is zero by its
definition. Therefore, the identity (76) clearly holds. This completes the proof.
IX. DISCUSSION
A. Cascade Codes vs. Product-Matrix Codes
In this section, we compare the code construction proposed in this paper with the product-matrix (PM) code
introduced in [11]. Since both code constructions are linear, they both can be written as a product of encoder
matrix and a message matrix, i.e., C = Ψ ·M as the [11]. However, there are several important differences between
the two constructions. Some of the main distinctions between the two code construction are highlighted in Table II.
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TABLE II
A COMPARISON BETWEEN THE PRODUCT-MATRIX AND CASCADE CODES
.
Product-Matrix Code [11] Cascade Code [this paper]
Only for extreme points MBR and MSR For the entire storage - bandwidth trade-off
MSR code construction: only for d ≥ 2k − 1 MSR code construction: all parameter sets
MSR point parameters: MSR point parameters:
(α, β, F ) = (d− k + 1, 1, k(d− k + 1)) (α, β, F ) = ((d− k + 1)k, (d− k + 1)k−1, k(d− k + 1)k)
Different structure and requirement for the
Universal code construction for the entire trade-off
encoder matrix of MBR and MSR codes
Repair data encoders are rows of the main code encoder A systematic repair encoder Ξ for each point on the trade-off
The MBR code construction of this paper is the same as the one in the [11]. However, the MSR point is
fundamentally different. To show this, we can rely on the standard notion of similarity (e.g., see [46]) is a well-
defined criterion to check if two codes are convertible to each other. Two linear codes C and C′ are equivalent if
C′ can be represented in terms of C by
1) a change of basis of the vector space generated by the message symbols (i.e., a remapping of the message
symbols), and
2) a change of basis of the column-spaces of the nodal generator matrices (i.e., a remapping of the symbols
stored within a node).
3) scale parameters of (α, β, F ) of codes by an integer factor so that both codes have the same parameters.
To show that the two codes are not similar, we focus on a special case, namely an MSR code with for an (n, k, d =
2k−2) distributed storage system for k > 2. For such a system, the parameters of the MSR cascade code are given
from Corollary 1 as (α, β, F ) =
(
(k − 1)k, (k − 1)k−1, k(k − 1)k). On the hand, the parameters of the PM code
are given by (α, β, F ) = (k − 1, 1, k(k − 1)), and its message matrix can be written as
M′ =
S1
S2
 ,
where S1 and S2 are α× α symmetric matrices. Hence, the number data symbols in M′ is 2
(
α+1
2
)
= (α+ 1)α =
k(k − 1). The encoder matrix of [46] is of the form
Ψ′ =
[
Φ
∣∣∣ ΛΦ] , (101)
where Φ is an n× α matrix and Λ is an n× n diagonal matrix. The matrices Φ and Λ should be chosen that
• any d rows of Ψ′ are linearly independent.
• any α rows of Φ are linearly independent.
• the diagonal entries of Λ are distinct.
Even though the requirements above are different from (E1) and (E2) for the proposed code construction, a
Vandermonde matrix satisfies conditions both constructions. The MSR PM code is given by C′ = Ψ′ ·M′. So, in
order for a fair comparison, one needs to concatenate N = (k− 1)k−1 copies of little PM codes with independent
message matrices M′1,M
′
2, . . . ,M
′
N to obtain a code with the same parameters as the cascade code.
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We denote by Reph→f and Rep
′
h→f the vector space spanned by the repair symbols sent by a helper node h to
repair of a failed node f for the cascade and PM codes, respectively. Then, the following proposition highlights at
least one important difference in the structure of two codes, to show that they are not similar with respect to the
above definition.
Proposition 6. For an MSR code for an (n, k, d = 2k− 2) distributed storage system with parameters (α, β, F ) =(
(k − 1)k, (k − 1)k−1, k(k − 1)k), and three distinct nodes h, f , and g, we have
dim(Reph→f ∩ Reph→g) =
µ∑
m=0
(d− k)µ−m
[
2
(
k − 1
m− 1
)
−
(
k
m
)
−
(
k − 2
m
)]
(102)
while
dim(Rep′h→f ∩ Rep′h→g) = 0. (103)
Proof of Proposition 6. Recall that the repair data Reph→f is simply the concatenation of repair data for each code
segment, which is a (modified) signed determinant code. We refer to [39] for evaluation for the overlap between
two subspaces spanned by the repair symbols sent for two failed nodes for any code segment: for code segment
with mode m, the dimension of the overlap between the subspaces spanned by the repair symbols sent from h to
f and g is given by 2
(
d−1
m−1
)− [( dm)+ (d−2m )]. Hence, summing up over all code segments, we get
dim(Reph→f ∩ Reph→g) =
µ∑
m=0
`m
[
2
(
d− 1
m− 1
)
−
(
d
m
)
+
(
d− 2
m
)]
=
µ∑
m=0
`m
[
2βm − αm +
(
d− 2
m
)]
=
∞∑
m=−∞
pµ−m
[
2βm − αm +
(
d− 2
m
)]
=
µ∑
m=0
(d− k)µ−m
[
2
(
k − 1
m− 1
)
−
(
k
m
)
−
(
k − 2
m
)]
. (104)
where in (104) we used (37) and (41), for the first and second summands, respectively. Moreover, the third summand
in the summation can be simplified using Lemma 2 for a = −2 and b = 0.
Next, note that resulting PM code is obtained from concatenating independent little PM codes, each with β = 1.
Hence, for each little PM code, the overlap between the spaces spanned by repair symbols sent for two failed nodes
should be of dimension either 0 or 1. Assume the latter holds. Then the repair symbol sent from h to f and g are
identical (up to a multiplicative constant), i.e., Rep′h→f = Rep
′
h→g . By symmetry, the same should hold for any
other failed node. Now, consider a set of helper nodes H with |H| = d, and a set of failed nodes with F with
|F| = k. We can repair the entire set F by sending downloading only β = 1 symbol from each of the helper nodes
in H, since Rep′h→f = Rep′h→g for any f, g ∈ F and any h ∈ H. On the other hand, the entire file of the little
PM code should be recoverable for the content of nodes in F . This implies
k(k − 1) = F ≤
∑
h∈H
dim(Rep′h→f ) = dβ = 2(k − 1),
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which is in contradiction with k > 2. Therefore, we have dim(Rep′h→f ∩ Rep′h→g) = 0 for any little PM code.
Summing up over all copies of independent little PM codes we obtain the claim of the proposition.
An immediate consequence of this proposition is that cascade codes and PM codes are not similar, and cannot
be converted to each other by any scaling and mapping of the raw or coded symbols.
B. The Role of Redundancy in Cascade Codes
The parity equation (7) and the redundant symbols in the message matrices play a critical role in the proposed
code construction. Such symbols were initially introduced to facilitate node repair in the original determinant codes
[38], [39], without being important for data recovery. While having such redundancy could cause an inefficiency for
the overall storage capacity of the code, the lower bounds in [34]–[36] show that determinant codes are optimum
for d = k.
These redundant symbols play two roles in the cascade codes: (1) they help with the repair mechanism, similar
to their role in determinant codes, and (2) they make the data recovery possible, in spite of the fact that the data
collector only accesses k < d nodes. More intuitively, this redundancy is used to provide a backup copy of the
symbols who could be missed in data recovery, due to the fact that a k× d sub-matrix of the encoder, i.e., Ψ[K, :],
is not invertible for k < d.
Surprisingly, the number of such missing symbols (evaluated in (16)) is exactly the same as the number of
redundant symbols in the entire code (given in (25)). This suggests the proposed code has no further room to be
improved. On the other hand, the proposed construction universally achieves the optimum trade-off for MBR codes
(see Corollary 1 and [8]), MSR codes (see Corollary 1 and [8]), an interior operating point on the cut-set bound
(see Corollary 2 and [8]), codes with k = d [34]–[36], and for an (n, k, d) = (5, 3, 4) system, for which a matching
lower bound is provided in [47]. These facts altogether support our conjecture that the cascades codes are optimum
exact regenerating codes for any set of parameters (n, k, d).
These evidences altogether support our injection that the cascades codes are optimum exact regenerating codes
for any set of parameters (n, k, d). Of course, a matching lower bound for the trade-off is needed to prove our
conjecture.
C. Future Work
The main remaining problem to be addressed in this direction is to provide a lower bound for the trade-off
between the storage and repair-bandwidth for exact-repair regenerating codes. As mentioned above, we believe that
a tight lower bound will match with the trade-off achieved in this paper, indicating the optimality of the proposed
construction.
There are some aspects of this work that can be improved. For instance, even though the sub-packetization
of the codes provided in this paper is independent of the number of nodes n, it is exponential in parameter k.
An interesting question is to develop construction that achieves the same trade-off with smaller sub-packetization
and independent of n. Multiple failure repair is another interesting problem to be studied. More importantly, the
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problem of dynamic repair [32], [48], [49], referring to the flexibility of dynamically changing number of helper
nodes (d ∈ [k : n− 1]) is of both practical and theoretical interest.
There is recent attention to the clustered distributed storage systems [50], [51]. A modified version of the
proposed construction might be applicable to such clustered systems. Finally, the exact-repair regenerating codes
can be viewed in the context of interference alignment problem (see for e.g. [16]), where the repair scenario
is equivalent to aligning and canceling the interference (mismatch) exists between a failed symbol and a coded
symbol of a helper node. Therefore, the techniques and results of this paper might be also applicable to the design
of interference alignment codes for wireless communication.
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APPENDIX A
PROOF OF NODE REPAIRABILITY FOR SINGED DETERMINANT CODES
In this section we present the proof of Proposition 2. We start from the RHS of (11) and write∑
x∈I
(−1)σD(x)+indI(x) [Rf (D)]
x,I\{x}
=
∑
x∈I
(−1)σD(x)+indI(x)
[
D ·Ξf,(m)
]
x,I\{x}
=
∑
x∈I
(−1)σD(x)+indI(x)
∑
L⊆[d]
|L|=m
Dx,L ·Ξf,(m)L,I\{x}
=
∑
x∈I
(−1)σD(x)+indI(x)
∑
y∈[d]\(I\{x})
Dx,(I\{x})∪{y} ·Ξf,(m)(I\{x})∪{y},I\{x} (105)
=
∑
x∈I
(−1)σD(x)+indI(x)
Dx,I Ξf,(m)I,I\{x} + ∑
y∈[d]\I
Dx,(I\{x})∪{y} ·Ξf,(m)(I\{x})∪{y},I\{x}
 (106)
=
∑
x∈I
(−1)σD(x)+indI(x)
(−1)σD(x)+indI(x)ψf,xDx,I + ∑
y∈[d]\I
(−1)σD(y)+ind(I\{x})∪{y}(y)ψf,yDx,(I\{x})∪{y}

(107)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
∑
x∈I
(−1)σD(x)+σD(y)+indI(x)+ind(I\{x})∪{y}(y)ψf,yDx,(I\{x})∪{y} (108)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
∑
x∈I
(−1)σD(x)+σD(y)+indI∪{y}(y)+indI∪{y}(x)+1ψf,yDx,(I\{x})∪{y} (109)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
(−1)σD(y)+indI∪{y}(y)+1ψf,y
∑
x∈I
(−1)indI∪{y}(x)(−1)σD(x)Dx,(I\{x})∪{y} (110)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
(−1)σD(y)+indI∪{y}(y)+1ψf,y
∑
x∈I
(−1)indI∪{y}(x)wx,I∪{y} (111)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
(−1)σD(y)+indI∪{y}(y)+1ψf,y
[
(−1)indI∪{y}(y)+1wy,I∪{y}
]
(112)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
(−1)σD(y)+indI∪{y}(y)+1ψf,y
[
(−1)indI∪{y}(y)+1(−1)σD(y)Dy,I
]
(113)
=
∑
x∈I
ψf,xDx,I +
∑
y∈[d]\I
ψf,yDy,I (114)
=
∑
x∈[d]
ψf,xDx,I = [Ψf ·D]I , (115)
where
• In (105) we used the definition of Ξf,(m) in (9), where the entry Ξf,(m)L,I\{x} is non-zero only if L includes I\{x}.
This implies that for non zero Ξf,(m)L,I\{x}, L should satisfy L = (I \ {x}) ∪ {y} for some y ∈ [d] \ (I \ {x});
• In (106), we split the summation into two cases: y = x and y 6= x;
• In (107), we replaced Ξf,(m)(I\{x})∪{y},I\{x} by (−1)σD(y)+ind(I\{x})∪{y}(y)ψf,y from its definition in (9);
• In (108) the two summations over x and y are swapped;
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• In (109), we used the definition of ind·(·) function to write
indI∪{y}(x) + indI∪{y}(y) = |{u ∈ I ∪ {y} : u ≤ x}|+ |{u ∈ I ∪ {y} : u ≤ y}|
= |{u ∈ I : u ≤ x}|+ 1 [y ≤ x] + |{u ∈ (I \ {x}) ∪ {y} : u ≤ y}|+ 1 [x ≤ y]
= indI(x) + ind(I\{x})∪{y}(y) + 1,
where the last equality holds since x ∈ I and y ∈ [d] \ I, which implies x 6= y, and therefore 1 [x ≤ y] +
1 [y ≤ x] = 1. This leads to indI(x) + ind(I\{x})∪{y}(y) ≡ indI∪{y}(y) + indI∪{y}(x) + 1 modulo 2.
• In (111) we used the definition of D in (8): since x /∈ (I\{x})∪{y} then Dx,(I\{x})∪{y} = (−1)σD(x)wx,I∪{y}.
A similar argument is used in (113);
• In (112) we used the parity equation (7). In particular, we have
∑
x∈I∪{y}(−1)indI∪{y}(x)wx,I∪{y} = 0, which
implies
∑
x∈I(−1)indI∪{y}(x)wx,I∪{y} = −(−1)indI∪{y}(y)wy,I∪{y}.
This completes the proof of Proposition 2. 
Remark 9. Note that in the chain of equations above we aim to repair the coded symbol at position I of the
failed node, which is a linear combination of symbols in column I of the message matrix. However, the linear
combination in (110) misses some of the symbols of column I (i.e., Dx,I when x /∈ I) and includes symbols from
columns of the message matrix (i.e., Dx,J when J 6= I). However, these two interference perfectly cancel each
other due to the parity equation in (7). This is identical to the notion of interference neutralization, which is well
studied in multi-hop wireless networks [52]–[54].
APPENDIX B
SEMI-SYSTEMATIC ENCODER MATRIX
Definition 4. We call a (signed) determinant or cascade code semi-systematic if the first k nodes store symbols
from the message matrix7, without any encoding. The encoder of a semi-systematic code should consist of a k× k
identity matrix in its upper-left and a k × (d− k) zero matrix in its upper-right corner.
Consider an (n, k, d) regenerating code obtained from an encoder matrix Ψ that satisfies Conditions (E1) and
(E2). Here, we show that we can modify the encoder matrix such that the resulting code becomes semi-systematic,
that is, the first k nodes store pure symbols from the message matrix. Consider a general encoder matrix
Ψn×d =
[
Γn×k Υn×(d−k)
]
=
 Ak×k Bk×(d−k)
C(n−k)×k D(n−k)×(d−k)
 .
Recall Condition (E1), from which we know any k rows of Γn×k are linearly independent. Thus, Ak×k is a full-rank
and invertible matrix. We can define
X =
 A−1k×k −A−1k×kBk×(d−k)
O(d−k)×k I(d−k)×(d−k)

7Note that the symbols of the message matrix are not necessarily raw symbols from the file, due to the parity equation in (7) as well as
injections. Hence, we rather call these codes semi-systematic to distinguish them from the standard notion of systematic codes.
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Note that
X−1 =
 Ak×k Bk×(d−k)
O(d−k)×k I(d−k)×(d−k)
 ,
and hence X is a full-rank matrix.
Therefore, we can modify the encoder matrix to
Ψ˜n×d = Ψn×d ·X =
 Ik×k Ok×(d−k)
CA−1 D−CA−1B
 = [ Γ˜n×k Υ˜n×(d−k) ] .
It is easy to verify that Ψ˜ satisfy both Conditions (E1) and (E2). To this end, let K be an arbitrary set of rows
indices with |K| = k. We have Γ˜[K, :] = −Γ[K, :]A−1k×k which is a full-rank matrix, since both Γ[K, :] and A−1k×k
are full-rank. This shows Condition (E1) holds for Ψ˜. Similarly, for an arbitrary set H ⊆ [n] with |H| = d we have
Ψ˜[H, :] = Ψ[H, :]X, which is again full-rank, because both Ψ[H, :] are X full-rank. Hence Condition (E2) is also
satisfied for Ψ˜.
APPENDIX C
Z -TRANSFORM FOR EVALUATION OF CODE PARAMETERS
A. An Overview of Z-Transform
We will use the Z transform to solve the recursive equation in (33) for `m’s, and evaluate the code parameters
in (27), (28), and (32). For the sake of completeness, we start with the definition and some of the main properties
of this transformation. We refer the reader to [55], [56] for the details and proofs of properties listed below.
Definition 5. The two-sided Z-transform of a sequences8 xm is defined as
X(z) = Z {xm} =
∞∑
m=−∞
xmz
−m (116)
where z is a complex number. The region of convergence (ROC) of X(z) is defined as the set of points in the
complex plane (z ∈ C) for which X(z) converges, that is,
ROC =
{
z :
∣∣∣∣∣
∞∑
m=−∞
xmz
−m
∣∣∣∣∣ <∞
}
(117)
Definition 6. The inverse Z-transform of X(z) is defined as a sequence {xm}∞m=−∞ where
xm = Z−1{X(z)} = 1
2pij
∮
C
X(z)zm−1dz, m ∈ Z, (118)
where C is a counterclockwise closed path encircling the origin and entirely located in the region of convergence
(ROC).
For a given ROC, there is a one-to-one correspondence between the sequences xm and its Z-transform, X(z).
Some properties of the Z-transform as well as some pairs of sequences9 and their Z-transforms are listed in Table III
and Table IV, respectively.
8With slightly abuse of notation, we use xm to refer to the sequence {xm}∞m=−∞ as well as the m-th element of this sequence.
9Note that, in this paper, we defined
( t
m
)
to be zero for m < 0 and m > t.
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TABLE III
PROPERTIES OF THE Z -TRANSFORM.
Time Domain Z-Domain ROC
Linearity wm = axm + bym W (z) = aX(z) + bY (z) ROCx ∩ ROCy
Convolution wm = xm ∗ ym W (z) = X(z)Y (z) ROCx ∩ ROCy
Differentiation wm = mxm W (z) = −z dX(z)dz ROCx
Scaling in the z-domain a−mxm X(a · z) ROCx/|a|
(Generalized) Accumulation wm =
∑m
t=−∞ a
m−txt W (z) = 11−az−1X(z) ROCx ∩ {z : |z| > |a|}
Time shifting wm = xm−b W (z) = z−bX(z) ROCx
TABLE IV
SOME USEFUL PAIRS OF Z -TRANSFORM.
Sequence Z-Transform ROC
xm = δ(m) X(z) = 1 all z ∈ C
xm =
( r
m
)
X(z) = (1 + z−1)r all z ∈ C
x=
(m+b−1
m
)
am, b ∈ Z+ X(z) = 1
(1−az−1)b |z| > |a|
xm =
( b
m
)
am, b ∈ Z+ X(z) = (1 + az−1)b all z ∈ C
B. Proof of Lemma 1
We start from the definition of pm and use (33) to obtain a recursive equation. For any m with m 6= 0, we have
pm = `µ−m =
µ∑
j=(µ−m)+1
`j · (j − (µ−m)− 1)
(
d− k + 1
j − (µ−m)
)
(119)
=
m∑
t=1
`t+µ−m · (t− 1)
(
d− k + 1
t
)
(120)
=
m∑
t=1
pm−t · (t− 1)
(
d− k + 1
t
)
, (121)
where (119) is implied by (33), and in (120) we used a change of variable t = j − µ+m. Note that the summand
in (121) corresponding to t = 0 in pm−0 · (0 − 1)
(
d−k+1
0
)
= −pm. Hence, by including t = 0 in the summation,
we get
m∑
t=0
pm−t · (t− 1)
(
d− k + 1
t
)
= 0, m 6= 0. (122)
Finally, for m = 0, we have
0∑
t=0
p0−t · (t− 1)
(
d− k + 1
t
)
= −p0 = −`µ−0 = −1. (123)
Putting (122) and (123) together, we have
m∑
t=0
pm−t · (t− 1)
(
d− k + 1
t
)
= −δm. ∀m ∈ Z. (124)
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Next, define a sequence qt = (t − 1)
(
d−k+1
t
)
for every integer t. Note that qt = 0 for t < 0. Then (124) can be
rewritten as
−δm =
m∑
t=0
pm−t · (t− 1)
(
d− k + 1
t
)
=
m∑
t=0
pm−t · qt
=
∞∑
t=−∞
pm−t · qt (125)
= pm ∗ qm, (126)
where (125) holds since qt = 0 for t < 0, and pm−t = `µ+(t−m) = 0 is zero for t > m (see definition of `m in
(34)). Here, operator ∗ denotes the convolution between two sequences pm and qm. We can take the Z-transform
from both sides of (126) and use Table III and Table IV to obtain
P (z)Q(z) = −1. (127)
The Z-transform of qm can be easily found using the property and pairs used from Table III and Table IV is
follows.
Q(z) = Z {qm} = Z
{
(m− 1)
(
d− k + 1
m
)}
= Z
{
m
(
d− k + 1
m
)}
−Z
{(
d− k + 1
m
)}
(128)
= −z
dZ
{(
d−k+1
m
)}
dz
−Z
{(
d− k + 1
m
)}
(129)
= −z d
dz
(1 + z−1)d−k+1 − (1 + z−1)d−k+1 (130)
= −z(d− k + 1)(−z−2)(1 + z−1)d−k − (1 + z−1)d−k+1
= (1 + z−1)d−k
[
(d− k)z−1 − 1] . (131)
where (128) holds due to linearity of the Z-transform, in (129) we used the differentiation effect, and we used the
fourth pair in Table IV for a = 1 and b = d− k + 1 in (130). Plugging (131) into (127), we get
P (z) =
−1
Q(z)
=
1
1− (d− k)z−1
(
1
1 + z−1
)d−k
, (132)
where the region of convergence is given by ROCp = {z : |z| > |d− k|}. It remains to find pm from P (z) by
computing its inverse Z-transform. We have
pm = Z−1 {P (z)} =
m∑
t=−∞
(d− k)m−tZ−1
{(
1
1 + z−1
)d−k}
(133)
=
m∑
t=−∞
(d− k)m−t · (−1)t
(
t+ d− k − 1
t
)
(134)
=
m∑
t=0
(−1)t(d− k)m−t
(
t+ d− k − 1
t
)
. (135)
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where in (133) we used the generalized accumulation rule in Table III for a = d− k. It is worth mentioning that
the inverse Z-transform of
(
1
1+z−1
)d−k
should be taken with respect to variable t. To this end, in (134) we have
used the third pair in Table IV with a = −1 and b = d − k. Finally, in (135) we have limited the range of t by
noticing the fact that the binomial coefficient is zero for t < 0. This shows the desired identity and completes the
proof. 
C. Proof of Lemma 2
Let us define
uµ =
∞∑
m=−∞
`m
(
d+ a
m+ b
)
=
∞∑
m=−∞
pµ−m
(
d+ a
m+ b
)
,
vµ =
µ∑
m=−b
(d− k)µ−m
(
k + a
m+ b
)
=
µ+b∑
m=0
(d− k)µ+b−m
(
k + a
m
)
,
for every integer µ. The claim of this lemma is equivalent to uµ = vµ for all µ ∈ Z. Instead of directly showing
in the µ-domain, we will prove that the two sequences are identical in the z-domain, and have the same ROCs.
U(z) = Z
{ ∞∑
m=−∞
pµ−m
(
d+ a
m+ b
)}
= Z
{
pµ ∗
(
d+ a
µ+ b
)}
= Z {pµ} · Z
{(
d+ a
µ+ b
)}
(136)
= P (z) · zbZ
{(
d+ a
µ
)}
(137)
=
1
1− (d− k)z−1
(
1 + z−1
)d+a · zb · ( 1
1 + z−1
)d−k
(138)
= zb
1
1− (d− k)z−1
(
1 + z−1
)k+a
, (139)
where in (136) and (137) we used the convolution and time-shift properties from Table III, respectively. Moreover, we
have used (132) and the Z-transforms in Table IV to simplify (138). Note that ROCu = ROCp = {z : |z| > |d− k|}.
Similarly, for sequence {vµ} we have
V (z) = Z
{
µ+b∑
m=0
(d− k)µ+b−m
(
k + a
m
)}
= z−(−b) · Z
{
µ∑
m=0
(d− k)µ−m
(
k + a
m
)}
(140)
= zb · Z
{
µ∑
m=−∞
(d− k)µ−m
(
k + a
m
)}
(141)
= zb · 1
1− (d− k)z−1Z
{(
k + a
m
)}
(142)
= zb · 1
1− (d− k)z−1
(
1 + z−1
)k+a
(143)
60
where in (140) and (142) we used time-shift property and generalized accumulation property from Table III,
respectively. Moreover, (141) holds because
(
k+a
m
)
is zero for m < 0, and (143) follows the pairs of Z-transform
in Table IV. Also, it is worth noting that the ROC of {uµ} is given by ROCv = {z : |z| > |d− k|}, due to the
step in (142). Comparing (138) and (143) and their ROCs imply that sequences {uµ} and {vµ} are identical. This
completes the proof of the lemma. 
